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Abstra t
Many important data analysis tasks an be addressed by formulating
them as probability estimation problems. For example, a popular general
approa h to automati lassi ation problems is to learn a probabilisti
model of ea h lass from data in whi h the lasses are known, and then
use Bayes's rule with these models to predi t the orre t lasses of other
data for whi h they are not known. Anomaly dete tion and s ienti
dis overy tasks an often be addressed by learning probability models over
possible events and then looking for events to whi h these models assign
low probabilities. Many data ompression algorithms su h as Hu man
oding and arithmeti oding rely on probabilisti models of the data
stream in order a hieve high ompression rates.
In this thesis we examine several aspe ts of probability estimation algorithms. In parti ular, we fo us on the automati learning and use of
probability models based on Bayesian networks, a onvenient formalism
in whi h the probability estimation task is split into many simpler subtasks. We also emphasize omputational eÆ ien y. First, we provide
Bayesian network-based algorithms for losslessly ompressing large disrete datasets. We show that these algorithms an produ e ompression
ratios dramati ally higher than those a hieved by popular ompression
programs su h as gzip or bzip2, yet still maintain megabyte-per-se ond
de oding speeds on well-aged onventional PCs. Next, we provide algorithms for qui kly learning Bayesian network-based probability models
over domains with both dis rete and ontinuous variables. We show how
re ently developed methods for qui kly learning Gaussian mixture models from data [Moo99℄ an be used to learn Bayesian networks modeling
omplex nonlinear relationships over dozens of variables from thousands
of datapoints in a pra ti al amount of time. Finally we explore a large
spa e of tree-based density learning algorithms, and show that they an be
used to qui kly learn Bayesian networks that an provide a urate density
estimates and that are fast to evaluate.

A knowledgements
I'd like to thank my advisor, Andrew Moore, for the guidan e and en ouragement he
onsistently provided throughout my stay at Carnegie Mellon | his insight, wit, and
kindness greatly in reased the quality of my resear h, and of my time at CMU in general. I'd also like to thank my thesis ommittee members | Andrew, Nir Friedman,
John La erty, Tom Mit hell, and Christos Faloutsos | for providing valuable omments and feedba k on this thesis. Mu h lively and useful dis ussion was also provided
by various members of Andrew's resear h group (the \Auton Lab"), for whi h I am
grateful. Many thanks are also due to Shumeet Baluja for our resear h ollaborations
during my earlier years at CMU; while these ollaborations were performed before
the material in this thesis were developed, they helped provide the initial interest and
experien e in probabilisti modeling that lead indire tly to this thesis.
I am deeply indebted to many friends at Carnegie Mellon for helping to make
my time there enjoyable. In parti ular, I'd like to thank David Ro hberg, Andrew
Willmott, Robert O' Callahan, Ted Wong, Herbie Lee, and David Maltz | my housemates throughout various parts of my stay | for all the interesting onversation,
home- ooked meals, and moral support. Periodi onta t with old California friends,
parti ularly Brad Williams and Carrie King, also helped ward o the o asional Pittsburgh gloom.
Finally, I'd like to thank my family for all their love and support over the years: my
mother Henriette; my brother Chris; my sister Juliette; my stepfamily Rae, Tania,
and Vanessa; and espe ially my father Donald, whose en ouragement has been instrumental in forming my te hni al interests and a major ontributing fa tor to my
well-being.

vi

Contents

1 Introdu tion

1

2 Bayesian Networks for Dis rete Dataset Compression

7

1.1 Ba kground: Bayesian networks . . . . . . . . . . . . . . . . . . . . .
1.2 Thesis Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2.1 Ba kground: Compression Te hniques . . . . . . . . . . .
2.2 Using Bayesian networks for data ompression . . . . . .
2.2.1 Learning Bayesian Networks from Complete Data
2.2.2 Experimental Results . . . . . . . . . . . . . . . .
2.3 Data reordering and Dynami Bayesian Networks . . . .
2.3.1 Experimental results . . . . . . . . . . . . . . . .
2.4 Compression With Network-Based Hu man Coding . . .
2.4.1 Hu man Networks . . . . . . . . . . . . . . . . .
2.4.2 Learning Hu man Networks . . . . . . . . . . . .
2.4.3 Experimental Results . . . . . . . . . . . . . . . .
2.5 Con lusions, Related Work, and Possible Extensions . . .

3 Mix-Nets

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

1
4

7
11
13
15
17
19
21
23
26
27
28

33

3.1 Introdu tion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.2 Mix-nets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.2.1 General methodology . . . . . . . . . . . . . . . . . . . . . . . 35
vii

3.3
3.4
3.5

3.6

3.2.2 Handling ontinuous variables . . . . . . . . .
3.2.3 Handling dis rete variables . . . . . . . . . . .
Learning mix-net stru tures . . . . . . . . . . . . . .
Experiments . . . . . . . . . . . . . . . . . . . . . . .
3.4.1 Algorithms . . . . . . . . . . . . . . . . . . .
3.4.2 Datasets and results . . . . . . . . . . . . . .
Possible appli ations for Mix-Nets . . . . . . . . . . .
3.5.1 Classi ation . . . . . . . . . . . . . . . . . .
3.5.2 Anomaly dete tion . . . . . . . . . . . . . . .
3.5.3 Inferen e . . . . . . . . . . . . . . . . . . . . .
3.5.4 Data ompression . . . . . . . . . . . . . . . .
Con lusions, Related Work, and Possible Extensions .

4 Interpolating Conditional Density Trees

4.1 Introdu tion . . . . . . . . . . . . . . . . . . .
4.2 Joint density estimators for density tree leaves
4.2.1 Constant leaf densities . . . . . . . . .
4.2.2 Gaussian leaf densities . . . . . . . . .
4.2.3 Exponential leaf densities . . . . . . .
4.2.4 Linear leaf densities . . . . . . . . . . .
4.2.5 Multilinear leaf densities . . . . . . . .
4.3 Tree evaluation riteria . . . . . . . . . . . . .
4.4 Tree-growing algorithms . . . . . . . . . . . .
4.4.1 Bran h variable sele tion strategies . .
4.4.2 Split point sele tion . . . . . . . . . . .
4.4.3 Pruning strategies . . . . . . . . . . . .
4.4.4 Parameter smoothing . . . . . . . . . .
4.5 Conditional density trees . . . . . . . . . . . .
viii

.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

36
39
41
45
45
48
51
51
52
52
53
54

59

59
62
63
63
66
68
71
73
75
76
78
79
81
84

4.6
4.7
4.8

4.9

4.5.1 Strati ed onditional trees . . . . . . . . . . . . . . . . . . . .
4.5.2 Using joint density trees onditionally . . . . . . . . . . . . . .
4.5.3 Speeding up the onditional evaluation of joint density trees .
4.5.4 Approximate onditional evaluation of joint trees . . . . . . .
Stru ture-learning algorithm for Bayesian Networks using onditional
density trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Marginal distribution attening . . . . . . . . . . . . . . . . . . . . .
Experimental results . . . . . . . . . . . . . . . . . . . . . . . . . . .
4.8.1 Datasets and default parameters . . . . . . . . . . . . . . . . .
4.8.2 Conditional density trees: one-level (CART-style) vs. strati ed
4.8.3 Conditional density estimation: strati ed trees vs. joint trees .
4.8.4 Approximate onditionalizing of joint trees for fast evaluation
4.8.5 Network stru ture-learning algorithms . . . . . . . . . . . . .
4.8.6 Marginal distribution attening . . . . . . . . . . . . . . . . .
4.8.7 Density trees vs. global mixture models . . . . . . . . . . . . .
Con lusions, Related Work, and Possible Extensions . . . . . . . . . .

87
90
92
94
98
104
110
110
112
117
123
127
136
140
143

5 Con lusions

149

Bibliography

153

A Supplemental experimental results

163

5.1 Thesis ontribution summary . . . . . . . . . . . . . . . . . . . . . . 149
5.2 Possible avenues for further resear h . . . . . . . . . . . . . . . . . . 151

A.1 Pruning, bran h variable sele tion, and bran h threshold sele tion . .
A.2 \Swit heroo" experiments . . . . . . . . . . . . . . . . . . . . . . . .
A.3 E e t of the greedy network-learning algorithm's MAXCHANGES parameter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
A.4 Diagnosti experiments on exponential-distribution density trees . . .
ix

163
167

171
174

A.5 Preliminary experiments on using interpolating density trees for lassi ation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175

x

Chapter 1
Introdu tion

1.1 Ba kground: Bayesian networks
Suppose we have a domain onsisting of a set of N variables X~ = (X1; X2 ; : : : X ).
For the moment, assume that ea h variable X is dis rete | that is, that it an take on
some nite possible set of values. (A binary variable that an only take on the values
\true" or \false" is an example of su h a variable.) Now suppose we wish to model
the statisti al relationships between these variables with a probability distribution
P (X1 ; X2 ; : : : ; X ) that allows us to al ulate the probability that any given event
j will assign the values x~ = (x1 ; x2 ; : : : ; x ) to X~ . What sort of models might we
employ?
The most general possible model to use in this situation would be a lookup table
ontaining one probability for every possible ombination of values that ould be
assigned to X~ . However, when there are many variables, this table an be extremely
large | for example, if the domain onsists of 30 binary variables, then this table
would ontain 230 (over a billion) probabilities. This an be impra ti al for multiple
reasons. First, even if the domain is known well enough that su h a table ould be
spe i ed with perfe t a ura y, there may be situations in whi h we wish to be able
to answer questions su h as \What is the probability that X2 is false and X5 is true?"
without spe ifying the values of all the other variables. To answer su h questions
with a lookup table would require summing over all the table entries onsistent with
the spe i ed variable values, and the number of su h entries grows exponentially with
the number of variables in the domain. Se ond, we will often need to learn the model
N

i

N

j

j

j

j
N

1

P (X~ ) from a

nite set of previously observed events. In su h s enarios, the number of
events we need to observe in order to a quire a urate estimates for the probabilities
in the lookup table also grows exponentially with the number of variables.
Bayesian networks (otherwise known as belief networks) are a popular method for
representing joint probability distributions over many variables. (See, e.g., [Pea88℄.)
A Bayesian network ontains a dire ted a y li graph G with one vertex V in the graph
for ea h variable X in the domain. The dire ted edges in the graph spe ify a set of
independen e relationships between the variables. De ne ~ to be the set of variables
whose nodes in the graph are \parents" of V . The set of independen e relationships
spe i ed by a given graph is then as follows: given the values of ~ but no other
information, X is onditionally independent of all variables orresponding to nodes
that are not V 's des endants in the graph. This set of independen e relationships
allows us to fa tor the joint probability distribution P (X~ ) in the following manner:
i

i

i

i

i

i

i

N

Y
P (X~ ) = P (Xi j~i );

i

=1

where P (X j~ ) is the onditional probability distribution of X given ~ .
For example, Figure 1.1 shows the stru ture of a Bayesian network for a somewhat fa etious medi al domain with six binary variables. The network represents the
following fa torization of the joint distribution:
i

i

i

i

P (V; C; M; R; H; S ) = P (V )  P (C )  P (M j V )  P (R j C; M )  P (H j C; M )  P (S jM )
Visited
Mars

V

Common Cold

C

R
Runny Nose

M

H
Headache

Figure 1.1: An example Bayesian
network stru ture.

Martian
Death Flu

S
Spontaneous
Combustion

In addition to its graph stru ture, a Bayesian network also needs a set of tables
spe ifying how ea h variable's probability distribution depends on the values of its
parent variables in the graph. For example, for R, we might have the following table:
2

C

0
0
1
1

M

0
1
0
1

( =0j
0.95
0.50
0.10
0.02

P R

C; M

)

( =1j
0.05
0.50
0.90
0.98

P R

C; M

)

If in addition to G we also spe ify P (X j~ ) for every variable X , then we have
spe i ed a valid probability distribution P (X~ ) over the entire domain.
Any joint probability distribution P (X~ ) an be represented with a Bayesian network. In the ase where no independen ies between variables exist, the joint distribution an be modelled with a fully onne ted Bayesian network in whi h ea h variable
has all previous variables as its parents, where some arbitrary ordering of the variables is used to determine pre eden e. For example, if this ordering is X1 ; : : : ; X ,
then the fully onne ted Bayesian network with respe t to this ordering orresponds
to the equation
P (X~ ) = P (X jX1 ; : : : ; X 1 ):
i

i

i

N

N
Y

i

=1

i

i

The total number of independent parameters required for su h a network would be
identi al to the number of independent parameters in the lookup-table representation
of P (X~ ) | for example, 2 1 in the ase of N binary variables. However, when
independen ies exist between variables and the Bayesian network therefore has fewer
parents per variable, the Bayesian network requires many fewer parameters to spe ify
the joint distribution. For example, the Bayesian network in Figure 1.1 requires
1+1+2+4+4+2 = 14 independent parameters, as opposed to the 63 that would be
required with a fully onne ted network. Thus, a sparsely onne ted Bayesian network
stru ture essentially provides a method for breaking the problem of estimating a
joint distribution P (X~ ) into a set of onditional probability estimation problems
P (X j~ ), ea h of whi h involves only a relatively small number of variables. When
we are attempting to learn P (X~ ) from a nite set of datapoints, the fa t that these
onditional distributions require many fewer total parameters means that the joint
distribution an be learned more a urately using the Bayesian network representation
than with the lookup-table respresentation. This an be true even when the Bayesian
network stru ture e e tively assumes independen ies that are not a tually present in
the domain, as long as the most important dependen ies are modelled.
There are other ways in whi h joint probability distributions an be split into produ ts of fa tors ea h of whi h involves only a few variables. For example, Markov ranN

i

i

3

dom elds (see [KS80℄ for a tutorial), also known as Markov networks (e.g. [Pea88℄),
are undire ted graphs whose stru tures spe ify fa torizations of the form
P (X~ ) =

C
Y

=1

(S~ );

where 2 f1; 2; : : : ; C g denotes a parti ular lique in the undire ted network, S~  X~
denotes the set of variables asso iated with the set of verti es in lique , (S~ )
denotes a fun tion over the variables in S~ , and is onstant guaranteeing that the
probability distribution is normalized to 1. Markov networks and Bayesian networks
are both spe ial ases of hain graphs (see e.g. [Lau96℄) in whi h dire ted ar s onne t various subgraphs, ea h of whi h is internally onne ted with undire ted ar s;
the dire ted graph over these undire ted omponents must be a y li . There are ertain advantages to using graphi al models that allow undire ted ar s, su h as Markov
networks, but there are notable disadvantages as well. In general, if we must learn
the appropriate lique fun tions (S~ ) from data, then omputing the appropriate
normalization onstant an be ome omputationally intra table. One major ex eption is when the liques are of reasonably small size and the model is de omposable;
in Markov networks, de omposability orresponds to the undire ted graph being triangulated (see e.g. [Ber73℄). However, as it turns out, all Markov networks that are
de omposable an also be modelled as Bayesian networks, although not all Bayesian
networks orrespond to de omposable models. De omposable models with reasonably
small lique sizes an be used to eÆ iently perform arbitrary probability inferen e exa tly | that is, su h joint models P (X~ ) an be used to eÆ iently ompute onditional
probabilities P (H~ jE~ ) for arbitrary sets of variables H~  X~ and E~  X~ . However,
throughout this thesis we will fo us primarily on appli ations for whi h arbitrary inferen e is not ne essary, in whi h ase our models need not be de omposable. Finally,
there are situations in whi h Bayesian networks lend themselves more naturally to
ertain omputational operations su h as ompression. Therefore we will restri t our
attention in this thesis to Bayesian networks.

1.2 Thesis Overview
In Chapter 2, we provide Bayesian network-based algorithms for losslessly ompressing large dis rete datasets. First, we examine the use of Bayesian networks in onjun tion with arithmeti oding. We use ordinary Bayesian networks to ompress
4

datapoints on an individual basis, and dynami Bayesian networks to ompress sequen es of datapoints in whi h adja ent datapoints are highly orrelated. We also
examine modi ed Bayesian networks in whi h variables are automati ally grouped
together in order to improve the ompression rates a hievable with Hu man oding,
whi h is signi antly more omputationally eÆ ient than arithmeti oding. We show
that these algorithms an produ e ompression ratios dramati ally higher than are
a hieved by popular ompression programs su h as gzip or bzip2 while maintaining
megabyte-per-se ond de oding speeds on well-aged onventional PCs.
The rest of the thesis on entrates on pra ti al learning algorithms for Bayesian
networks that model both dis rete and ontinuous variables. In Chapter 3, we
show how re ently developed algorithms for qui kly learning a urate low-dimensional
Gaussian mixture models from data [Moo99℄ an be used to learn joint distributions
over dozens of ontinuous and dis rete variables. We do so by using automati ally
learned Bayesian network stru tures to ombine mixtures learned from di erent subsets of variables and datapoints. Finally, in Chapter 4, we explore and develop a
large spa e of tree-based models for onditional density estimation, and algorithms
with whi h to learn them. As in Chapter 3, these density estimators are then used
in automati ally learned Bayesian networks to model joint distributions over many
ontinuous and dis rete variables. While the models in Chapters 3 and 4 have not
yet been applied to ompression problems, they were designed partially with that
potential appli ation in mind. In parti ular, the models developed in Chapter 4 are
quite fast to learn and evaluate, and have other properties that make them appealing
for ompression.

5

6

Chapter 2
Bayesian Networks for Dis rete
Dataset Compression
The re ent explosion in resear h on probabilisti data mining algorithms su h as
Bayesian networks has been fo used primarily on their use in diagnosti s, predi tion
and eÆ ient inferen e. In this hapter, we examine the use of Bayesian networks
for a di erent purpose: lossless ompression of large datasets. We present methods
for automati ally learning Bayesian networks and dynami Bayesian networks to use
with arithmeti oding, as well as modi ed Bayesian networks to use with Hu man
oding. These algorithms often a hieve signi antly better ompression ratios than
a hieved with popular ompression algorithms su h as those used by gzip and bzip2.

2.1 Ba kground: Compression Te hniques
In this se tion we provide a very brief introdu tion to ommon ompression te hniques. For more omprehensive des riptions, see an introdu tory textbook on ompression (e.g. [Say96℄, [WMB99℄).

Di tionary Te hniques

Perhaps the most ommonly used lass of ompression algorithms is the set of \di tionary te hniques" used in general-purpose ompression programs su h as gzip.
Di tionary-based algorithms maintain di tionaries ontaining sequen es of sour e
symbols. Whenever the sour e ontains a symbol sequen e that appears in the di tionary, that sequen e's position in the di tionary is en oded rather than the individual
7

symbols themselves. For example, the LZ77 algorithm [ZL77℄ and its derivatives maintain a sliding window of the sour e symbols en oded in the immediate past; when a
new sour e symbol sequen e is en ountered that mat hes a sequen e ontained in
the window, the sequen e's position in the window and its length are en oded. The
LZ78 algorithm [ZL78℄ and its derivatives su h as LZW [Wel84℄ maintain tables of
previously seen sequen es, and en ode sour e sequen es via their positions in the
table.
These algorithms an be shown to a hieve asympoti ally optimal ompression
rates [Ziv78℄; however, they may require the use of unmanageably large di tionaries
in order to do so.

Arithmeti Coding

Arithmeti oding (developed by Rissanen [Ris76℄ and Pas o [Pas76℄; see Witten,
Neal, and Cleary [WNC87℄ for a tutorial) allows sequen es of symbols to be en oded
nearly optimally without requiring the enumeration of all possible sour e ode sequen es of length k. Arithmeti oding e e tively maps an entire sequen e of sour e
symbols to a real number between 0 and 1. The arithmeti en oder begins with a
range R = [0; 1). As ea h symbol in the sour e sequen e is en oded, the urrent
range R is subdivided into a partitions, where a is the number of possible values the
symbol ould have taken on; the size of ea h of these partitions is proportional to the
probability of symbol taking on the orresponding value. The urrent range is then
restri ted to the partition orresponding to the sour e symbol being en oded.
For example, suppose we have a sour e sequen e where ea h sour e symbol an
take on one of three values, s1, s2 , and s3, with probabilities .1, .6, and .3, respe tively.
The range R = [0; 1) is initially split into the subranges [0; :1); [:1; :7); and [:7; 1). If
the rst symbol to en ode is s2, then the en oder restri ts R to [:1; :7). This range is
then further subdivided into the three subranges [:1; :16); [:16; :52); and [:52; :7). If the
se ond symbol to en ode is s3 , then R is set to [:52; 7), and so forth. (See Figure 2.1
for a diagram of this pro ess.) When all the symbols in the sour e sequen e have
been oded, the en oder outputs the binary representation of a number within its
urrent range R to a suÆ ient pre ision to disambiguate it from all numbers outside
of R. If the sequen e en oded is s1; : : : ; s , then the number of bits required for this
disambiguation is
log P (s1; : : : ; s );
plus one or a few more depending on the parti ulars of the implementation. Taking
k

k

8

the expe tation of this quantity over all possible sour e symbol sequen es tells us that
the expe ted number of bits required to en ode k symbols is approximately
X

1

s ;:::;sk

P (s1 ; : : : ; sk ) log P (s1; : : : ; sk ) = H (s1; : : : ; sk )

where H (s1; : : : ; s ) is the entropy of P (s1; : : : ; s ). Sin e this is the informationtheoreti minimum average number of bits required to en ode a sour e sequen e
with distribution P (s1; : : : ; s ) (see, e.g., [CT91℄), arithmeti en oding approa hes
optimality in the limit as k approa hes in nity.
k

k

k

0
.1

s1

.1
.16

s2

s1

.52
.538

s2

s1

Figure 2.1: Restri tion of the range
during arithmeti en oding while
en oding the symbol 2 followed by

s2

R

s

.7
s3
1

s3
.7

s3

.646

.52

s3
.7

As des ribed above, arithmeti oding appears to require the use of arbitrarypre ision arithmeti operations in order to manipulate the urrent range R. However,
it is possible to use limited-pre ision integer arithmeti to approximate \perfe t"
arithmeti oding. This typi ally results in a negligible in rease in the number of
bits required for the en oding, and drasti ally redu es the omputational expense of
ompression and de ompression.
One important advantage of arithmeti oding is that it may be used in onjun tion with any algorithm for modelling probability distributions over sour e symbols,
although some models an be used more pra ti ally than others. Models that more
a urately predi t the probability distribution of the next symbol as a fun tion of previously oded symbols a hieve better ompression ratios. The problem of ompressing
a dataset thus redu es to the problem learning an a urate probabilisti model of that
data.

Hu man Coding

Given a small dis rete set of sour e symbols and their asso iated probabilities, a
simple greedy algorithm developed by David Hu man [Huf51℄ an be used to nd
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an optimal ode with whi h to en ode sour e symbols on an individual basis. The
algorithm is based on the insight that there must exist an optimal ode su h that the
two least likely sour e symbols are en oded with bit patterns that are of equal length
and di er only in their last bit. The algorithm grows a binary tree in a \bottomup" fashion by onse utively merging pairs of subtrees orresponding to groups of
sour e symbols; at any point the two groups with the lowest total probability are
merged. For example, onsider the oding problem in Figure 2.2. Assume we have
ve possible sour e symbols with the probabilities shown in part (1) of the gure.
The two symbols with the least probability are B and D, with probabilities of .05 and
.10 respe tively. These two symbols are merged into a group with a total probability
of .15; this group orresponds to the depth-1 subtree at the bottom right of part (2)
of the gure. Now, the two groups with the least total probability are the group for
B and D (total probability .15) and the group for C (probability .20), so these two
groups are merged; and so forth. The resulting sequen e of group merges produ es
the tree shown in part (2) of the gure. The binary Hu man ode assigned to a given
sour e symbol is then determined by the sequen e of left/right bran h de isions in
this tree required to rea h the symbol, as shown in part (3) of the gure. The average
number of bits required to en ode a single sour e symbol with this Hu man ode,
assuming the symbol is drawn from a probability distribution a ording to part (1)
of the gure, is
2  :32 + 3  :05 + 2  :20 + 3  :10 + 2  :33 = 2:15:
This is the lowest possible number of bits if ea h sour e symbol must be en oded
independently with an integral number of bits.
Unfortunately, if the probability for one parti ular sour e symbol is very high,
Hu man oding an be ineÆ ient, as the ode requires at least one bit for ea h sour e
symbol en oded (unlike arithmeti oding). For example, if there are only two possible
sour e symbols, ea h will require one bit to en ode, even if one value is vastly more
likely than the other. However, one an alleviate this problem by grouping sequen es
of sour e symbols together in blo ks of k symbols and using Hu man oding on these
blo ks rather than the individual sour e symbols; as k in reased, Hu man en oding
will approa h optimality, although are must taken to prevent unmanageably large
odebooks from resulting. In Se tion 2.3.1, we will des ribe a modi ed Bayesian
network learning algorithm that will automati ally nd good groups of variables to
en ode as blo ks in order to a hieve ompression performan e that is usually very
10

(1): Symbol probabilities
Source Symbol

A
B
C
D
E

Probability

.32
.05
.20
.10
.33

(2): Huffman tree
1.0

0

1

.65

(3): Huffman code
Source Symbol

A
B
C
D
E

0

Code

E

01
111
10
110
00

.35

1
.33

A

0
.32

C

1
.20

.15

0

D

1
.10

B

.05

Figure 2.2: An example of Hu man oding.
lose to that a hieved by arithmeti oding.

2.2 Using Bayesian networks for data ompression
Bayesian networks are straightforward to use with arithmeti oding. To en ode a
re ord j of the dataset with a Bayesian network B , one treats ea h of the variable
values in j as an individual \sour e symbol". These values are passed to the arithmeti
en oder in an order onsistent with a topologi al sort of B 's verti es. This way,
the de oder will have already de oded the values of any given variable X 's parent
variables by the time it needs to de ode the value of X , and an use the appropriate
entry in X 's probability table to determine the probability distribution of values for
X.
Automati ally-learned Bayesian networks have been used previously in onjun tion with arithmeti en oding in re ent resear h by Frey [Fre98℄. In Frey's work,
xed network stru tures are employed in whi h ea h node has many parents; the
probability of ea h node given its parents is paramaterized using logisti regression
[MN83℄. In order to apture omplex nonlinear dependen ies between variables, Frey
i

i

i

i
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uses networks with many hidden variables | that is, nodes that do not orrespond to
any observed values in the dataset being ompressed. This reates several problems.
First, nding the orre t probabilities for the tables in networks with hidden variables is more diÆ ult than it is in situations where all variables are always observed
| one must resort to iterative pro edures su h as the Expe tation Maximization algorithm [DLR77℄, or \EM", in order to obtain good estimates. Se ond, even on e these
parameters have been set and we wish to use the resulting network for ompression
or de ompression, we need to be able to estimate the probability distribution of the
hidden variables given the observed variables, or vi e versa. When there are many
unobserved variables, this problem is generally intra table.
Frey addresses these two problems by using the iterative \wake-sleep" algorithm
[HDFN95℄ to adjust the parameters of a Helmholtz ma hine [DHNZ95℄. A Helmholtz
ma hine onsists of a pair of Bayesian networks. The rst of these networks, the
generative network, has the observable variables onditioned on the hidden variables;
the se ond, the re ognition network, has the hidden variables onditioned on the observable variables. When en oding an instan e, the re ognition network is used to
indu e a distribution over the hidden variables; the values of these hidden variables
are then hosen. The generative network is then used in onjun tion with arithmeti
en oding to en ode both the hidden and observed variables. By itself, this method required too many bits to ode ea h instan e to be useful on the datasets used in Frey's
experiments; the resulting ompression rate was signi antly worse than gzip's. However, it is possible for the en oder to onvey \side information" through its parti ular
hoi e of hidden variable values using a te hnique alled bits-ba k oding [HZ94℄. By
en oding part of the dataset through this \side information" hannel, it is possible
to obtain ompression rates signi antly better than gzip's.
Unfortunately, Frey's approa h has several notable disadvantages. Its omputational osts are prohibitive in situations where fast de ompression is desired. Even if
the Helmholtz ma hines' parameters are not adjusted \on the y" during both de ompression and ompression as they are in Frey's work, many expensive oating-point
mathemati al operations must be performed for every node in the networks employed.
Furthermore, the bits-ba k oding s heme required to a hieve adequate ompression
ratios is inherently blo k-oriented, whi h makes it unsuitable for situations in whi h
random a ess to dataset items is required.
We take a di erent approa h to using Bayesian networks for ompression. Rather
12

than using densely onne ted networks with xed stru tures and hidden variables,
we employ sparsely onne ted Bayesian networks with no hidden variables. On e a
suitable su h network has been found for the data, it an perform ompression and
de ompression qui kly with no oating-point operations. We now turn our attention
to the task of automati ally learning su h networks.

2.2.1 Learning Bayesian Networks from Complete Data
Given a dataset D, we would like to automati ally learn a Bayesian network B that
a urately models the probability distributions in D with a small number of network
parameters (i.e., entries in the probability tables asso iated with the variables). If
there are no missing values or hidden variables in D | that is, if the data is \ omplete"
| and if we are given B 's stru ture, then it is trivial to ll in B 's probability tables
to maximize the log-likelihood of the data: namely, we simply use the empiri al
distributions appearing in D. However, even with omplete data, the problem of
nding the best network stru ture is NP-hard [Chi96℄. Learning a Bayesian network
is thus typi ally done by using a sear h pro edure to nd a network B that maximizes
(or at least hopefully omes lose to maximizing) a s oring fun tion C (B; D). A
popular s oring fun tion is the Bayesian Information Criterion (BIC) [S h78℄,
C (B; D) = log P (D j B )

jB j  0:5 log R

where jB j is the number of independent parameters (probabilities) stored in the net
and R is the number of re ords in the dataset. Maximizing BIC orresponds dire tly to
minimizing the number of bits required to store both (1) the parameters of the network
B to a reasonable level of pre ision and (2) an eÆ ient en oding (su h as arithmeti
en oding) of D using the probability distribution entailed by B . Thus, the BIC is
naturally suited for nding Bayesian networks that are good for ompression. This
\minimum des ription length" (or MDL) approa h has also been used for learning
Bayesian networks in ases where ompression is not ne essarily the primary obje tive
[LB94℄.
For the experimental results in the next se tion, two algorithms for learning
Bayesian networks were used. The rst algorithm uses a form of sto hasti hilllimbing over possible network stru tures using the Bayesian Information Criterion
as its s oring fun tion. AD-Trees [ML98℄ are used to speed up this sear h by de reasing the amount of time ne essary to al ulate the dataset statisti s required for the
13

sear h. (See [ML98℄ for details of the sear h algorithm.)
The se ond algorithm, whi h we designed for very large datasets, takes two sweeps
through the dataset. In the rst sweep, the algorithm olle ts the dataset statisti s
required to measure the in rease in BIC s ore that would be a hieved by adding any
single ar to an empty Bayesian network stru ture. This pro ess requires O(N 2 
(R + a2 )) time, where N is the number of variables, R is the number of re ords, and
a is the maximum arity of the variables. Let I (X ; X ) denote the in rease in BIC
s ore a hieved by adding an ar from X to X . This is proportional to the mutual
information between X and X (see e.g. [CT91℄), minus a penalty term proportional
to the number of added parameters, and is thus symmetri , i.e. I (X ; X ) = I (X ; X ).
We then greedily grow a network stru ture in whi h ea h node has at most parents,
where is a user-de ned parameter. This growth o urs without referring to the
dataset; the greedy algorithm naively assumes, for example, that if X and X are
the best andidate parents for X based on I (X ; X ) and I (X ; X ), then fX ; X g is
the best parent set of size 2 for X . We omit the details here, but the algorithm is very
similar to the greedy network-learning algorithm des ribed later in Se tion 3.3, as well
as to an algorithm previously developed to learn Bayesian networks for lassi ation
[Sah96℄. In the spe ial ase where is 1, this algorithm redu es to a penalized version
of Chow and Liu's dependen y-tree algorithm [CL68℄, and nds a network with the
optimal BIC s ore out of all networks in whi h ea h variable has at most one parent.
On e the network stru ture has been determined, a se ond sweep is then made over
the dataset to ll in the probability tables of the resulting network; this takes O(N 
(R + a )) time.
Sin e the algorithm in this se tion was originally developed, a more sensible and
general approa h alled the Sparse Candidate Algorithm [FNP99℄ has been developed
for qui kly learning good network stru tures over dis rete variables with few passes
through the dataset. While the Sparse Candidate algorithm does not apply dire tly
to situations in whi h the onditional distributions used in the network annot be
omputed qui kly from sets of suÆ ient statisti s | su h as the onditional distributions that will be used in Chapter 3 and Chapter 4 | it is dire tly appli able to the
network-learning task at hand in this se tion, and would make a good repla ement
for the algorithm employed here.
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2.2.2 Experimental Results
In this se tion, we examine the e e tiveness of using automati ally learned Bayesian
networks in onjun tion with arithmeti oding in order to perform ompression.

Census dataset
Ea h re ord in this dataset orresponds to a person; variables represent su h things
as the person's sex, o upation, in ome, et . The dataset onsists of 142,521 re ords,
ea h of whi h has twelve symboli values. The number of possible values ea h variable
an assume varies between two and twelve.
A verbose ASCII version of this dataset requires about 21 MB of disk spa e; a more
frugal binary representation takes up 536 KB. gzip, a popular UNIX ompression
utility employing the LZ77 algorithm, redu es this dataset to 294 KB when used
in its \best- ompression" mode. bzip2, a ompression utility using the BurrowsWheeler blo k-sorting algorithm [BW94℄, an ompress a version of the le down to
220 KB (also when in \best- ompression" mode). As their inputs, gzip and bzip2
are given the dataset as a binary le in whi h ea h variable value is en oded in its own
byte; be ause these two programs are byte-oriented, this results in better ompression
than when the dataset is given to them in the more ompa t bit-oriented 536 KB
representation. This byte-oriented representation is used in the other experiments in
this hapter as well, sin e it also helps the ompression ratios gzip and bzip2 on
those experiments.
In onjun tion with the two Bayesian network learning algorithms dis ussed above,
we use a limited-pre ision arithmeti oding library written by Carpinelli et al. [CMN+ 95℄
based on a paper by Mo at et al. [MNW95℄. We modi ed the library so it ould
en ode to and de ode from RAM when desired rather than only to or from disk; all
of the de oding speed results we will show later are based on de ompressing from
RAM. The network-learning algorithm employing sto hasti hill limbing ompressed
the ensus dataset to 169 KB. This in ludes the spa e required to en ode the learned
network stru ture and all the orresponding onditional probability tables. The algorithm employs one of four di erent en oding methods for ea h table, depending on
the number of non-zero entries and their relative probabilities. (We omit the tedious
details.) With , the maximum number of parents per node, set to two, the twopass greedy algorithm ompressed it to 171 KB. For omparison, using arithmeti
15

en oding in onjun tion with an empty Bayesian network (that is, one in whi h no
dependen ies between variables are modelled) produ es a 231 KB le.

Banking dataset
This dataset, a set of ustomer pro les from a Pennsylvania bank, onsists of 6372
re ords, ea h of whi h ontains 142 values. Real-valued variables were quantized
into symboli variables taking on 16 values; however, some of the naturally symboli
variables were very high-arity (up to about 100 possible values), and these values
were not hanged. This quantized dataset took up 416 KB in raw binary form. gzip
ompressed the dataset down to 345 KB; bzip2, to 273 KB.
Using a network learned by the greedy two-pass method in whi h ea h node had at
most one parent, arithmeti en oding was able to represent the le in 166 KB. (With
an empty Bayesian network, the le was ompressed to 240 KB | signi antly worse
than with one parent per node, but still better than gzip or bzip2.)

EDSGC dataset
This dataset onsists of 900,000 re ords with 27 variables; ea h re ord represents an
galaxy from the Edinburgh/Durham Southern Galaxy Catalogue Survey (EDSGC)
[HDCM89℄. Variables in lude the galaxy's position, magnitude, geometry, and so
forth. All variables were quantized to sixteen values. A raw binary le ontaining
this quantized data requires 11.8 MB. gzip ompresses the quantized dataset down
to 6.9 MB; bzip2 to 5.6 MB.
Sin e there were many re ords but a reasonably small number of variables, a
random sample of 50,000 re ords was sele ted and used to learn a Bayesian network
using sto hasti hill limbing; on e the network was learned from this sample, a nal
pass through the entire dataset was used to ll in the network's probability tables.
Allowing the sto hasti hill limbing to progress for 10,000 iterations resulted in a
network that was able to ompress the dataset to 4.8 MB. Using the greedy two-pass
algorithm on the entire dataset to learn a network in whi h ea h node had at most
three parents resulted in a 4.2 MB le. (For omparison, with an empty Bayesian
network, arithmeti en oding produ ed a 9.0 MB le.)
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Sloan dataset
This dataset is taken from a larger astronomi al survey urrently in progress. It
ontains approximately 3,080,000 re ords with 49 variables; all ontinuous variables
are quantized to sixteen values. The raw binary form of the quantized data takes 53.1
MB. gzip ompresses the data to 35.6 MB; bzip2 to 27.9 MB. Using the greedy twopass algorithm on the entire dataset to learn a network with at most three parents
per variable results in a 23.9 MB le.

2.3 Data reordering and Dynami Bayesian Networks
On e the algorithms des ribed above learn a Bayesian network modeling a dataset,
they use the network to ompress ea h item in the dataset independently of all the
others. Essentially, the algorithms are assuming that the items in the dataset are
independently and identi ally distributed (or i.i.d.). In reality, datasets frequently
violate this assumption. Probability distributions exhibited in real-life data may shift
over time, either gradually or suddenly. Furthermore, it is quite often the ase that
the order in whi h items happen to appear in the dataset is irrelevant. (Hen e the
term \dataset".) It may be possible to signi antly improve ompression performan e
in su h ases by reordering the data. One possible approa h would be to lexi ographi ally sort one set of datapoints, and then en ode the bits of other set of datapoints
\for free" by using them to permute the previously sorted set before it is en oded.
The de oder ould then re onstru t the bits in the se ond set of datapoints after deoding the rst set by re onstru ting the permutation that must have been applied to
its sorted version. While potentially interesting, su h an approa h would be omplex
to implement, and would not be able to exploit any preexisting dependen ies between
neighboring datapoints in the original dataset. We do not explore this avenue further
in this thesis.
Another method is to use adaptive oding in whi h the probabilisti model of the
data gradually shifts as data is pro essed. We will dis uss this approa h further in
Se tion 2.5; for now, we simply note that adaptive oding has disadvantages that
make it unsuitable for some appli ations. In parti ular, updating the probabilisti
models during de ompression may be undesirably time- onsuming. Furthermore, in
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some situations we may wish to maintain oarse-granularity random a ess to the
data | for example, we may wish to be able to de ompress all datapoints stored in
a spe i disk blo k without having to de ompress any others. Adaptive oding is
diÆ ult to apply e e tively in su h situations.
Another approa h is to expli itly model orrelations between onse utive datapoints. Even if su h orrelations are not present in the original dataset, they an be
reated by sorting the dataset. It may not be pra ti al to ompletely sort very large
datasets, parti ularly datasets too large to t in main memory, merely for the purposes of in reased ompression performan e. However, it may be possible to get some
bene t from the tri ks mentioned above with mu h less omputational expense by
instead only sorting within relatively small blo ks of the dataset, or by radix sorting
only on the values of a few variables.
In this se tion we examine the use of dynami Bayesian networks [DK88℄ to represent dependen ies between onse utive datapoints in order to in rease ompression
performan e. Dynami Bayesian networks are Bayesian networks that represent how
a system evolves from one time step to another. A dynami Bayesian network onsists
of two Bayesian networks. The rst Bayesian network, the prior network, spe i es
a distribution over the system's possible starting values. The se ond network, the
transition network, spe i es the distribution over the system's variables in the next
time step given the values of the variables in the urrent time sli e. For example,
Figure 2.3 shows a dynami Bayesian network for a system with four variables. Part
(a) shows the prior network, and part (b) shows the transition network. The top four
nodes X1 through X4 in the transition network orrespond to the variables' values at
some time t, while the bottom four nodes X10 through X40 orrespond to the variables
at some time t + 1.
When fa ed with datasets that are not i.i.d. | either be ause there are trends
in the data that hange over time, or be ause a formerly i.i.d. dataset has been
re-ordered to improve ompression eÆ ien y | one natural approa h is to treat the
dataset as a time series and to learn a dynami Bayesian network that models this
series. A greedy heuristi algorithm for learning dynami Bayesian networks in a
manner similar to the two-pass algorithm des ribed in Se tion 2.2.1 was implemented.
The algorithm learns a transition network in whi h ea h node representing a variable
in datapoint j + 1 is onditioned on at most parent nodes. Ea h of these parent
nodes an be either a node representing a variable in the most re ent dataset item that
18

(a): Prior network
X1

X2

X3

X4

(b): Transition network
X1

X2

X3

X4

X’1

X’2

X’3

X’4

Figure 2.3: An example dynami Bayesian network, onsisting of a prior network and
a transition network.
has been ompletely oded (that is datapoint j ), or a node representing a previously
oded variable in the same dataset item we are urrently oding (datapoint j + 1).
The algorithm does not bother learning any dependen ies in the prior network, sin e
they would be used only for oding the very rst dataset item. Again, we omit the
details; similar previous resear h exists on automati ally learning dynami Bayesian
stru tures from data [FMR98℄.
We used this automati Dynami Bayesian network learning algorithm to ompress
versions of the previously mentioned datasets in whi h the re ords were either left in
their initial positions or sorted lexi ographi ally.

2.3.1 Experimental results

Census dataset
Learning a dynami Bayesian network for this dataset in its natural ordering and
then using it for ompression did no better than the analagous algorithm that used
non-dynami Bayesian networks: with set to a maximum of two parents per node,
both algorithms produ ed a 171 KB le. It appears that the data is i.i.d., or at
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least that a given dataset item has little in uen e over the very next dataset item.
However, if the dataset is sorted and then a dynami Bayesian network is learned
on this sorted dataset instead, the resulting ompressed le is only 18.6 KB in size.
Sin e there are 142,521 items in the dataset, this works out to an average of only
1.04 bits per item, in luding the ost of en oding the network. As it turns out, there
are only roughly 14,000 unique items in the dataset | most items in the dataset are
dupli ated many times. A spe ial-purpose algorithm for dealing with exa t dupli ates
or a delta- oding s heme might fare somewhat better in this ase, but the dynami
Bayesian network te hnique appears to handle it quite well without any su h spe ialasing. (For purposes of omparison, gzip was able to ompress the sorted dataset
down to 36.2 KB, while bzip2 ompressed it to 58.2 KB.)

Banking dataset
As in the ensus dataset, using an automati ally learned dynami Bayesian network
on this dataset in its natural ordering did not improve ompression performan e over
using the analagous non-dynami network. Sorting the dataset and then modeling
it with a dynami Bayesian network performed only very slightly better, redu ing
the resulting le size from 166 KB to 163 KB. This dataset is mu h more \sparse"
than the ensus dataset in that it has fewer items and many more variables; some
of its variables are also very high-arity. As a result, sorting only reated signi ant
inter-item dependen ies in the rst few variables used for the sort, and did not make
it any easier to model the others. (Sorting did not signi antly improve gzip's or
bzip2's performan e in this ase either.)

EDSGC dataset
Using an automati ally learned dynami Bayesian network on this dataset dramatially improved ompression performan e over its non-dynami ounterpart: 2.6 MB
rather than 4.2 MB. Thus, this dataset is learly not i.i.d. even its natural form. As
it turns out, ea h datapoint in ludes variables that en ode a position in the sky, and
the dataset was largely ordered by these position variables, so the position values of
adja ent dataset items are highly orrelated.
Sorting this dataset using its natural variable ordering improves ompression
slightly (2.5 MB rather than 2.6 MB), and slightly improves the performan e of gzip
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(6.5 MB vs. 6.9 MB) and bzip2 (5.5 MB vs. 5.6 MB) as well.

Sloan dataset
As in the EDSGC dataset, using an automati ally learned dynami Bayesian network
on the Sloan dataset signi antly improved ompression performan e: 16.1 MB, as
opposed to 23.9 MB for the non-dynami Bayesian network. In this ase, however,
sorting the dataset lexi ographi ally a tually aused the dynami Bayesian networks
to perform slightly worse (17.1 MB), perhaps be ause the variables that were most
strongly orrelated between adja ent dataset items in the unsorted version were not
the rst variables used for the lexi ographi sort. Sorting did slightly in rease the
performan e of gzip (34.0 MB vs. 35.6 MB) and bzip2 (27.7 MB vs. 27.9 MB).

Summary of experiments with Bayesian network-based arithmeti oding
The results of this se tion are summarized in Table 2.1 (along with the results from
Se tion 2.2.2 for omparison). Depending on whi h dataset is being ompressed and
whether this dataset has been sorted, ompression based on using dynami Bayesian
networks in onjun tion with arithmeti en oding was able to produ e les that were
40-60% smaller than produ ed by gzip, and 20-60% smaller than produ ed by bzip2.
Sorting the datasets sometimes in reased ompression performan e | dramati ally
so in the ase of the Census dataset.

2.4 Compression With Network-Based Hu man
Coding
The algorithms des ribed above have proven useful for long-term le ompression
tasks where de ompression speed and random a ess requirements are not ru ial.
However, if we hope to use ompression in more speed- riti al appli ations, su h as
speeding up data analysis by ompressing data into memory rather than leaving it
on disk, we need fast de ompression of random dataset items. Arithmeti oding
is somewhat omputationally expensive; furthermore, no random a ess is possible
within a sequen e of bits en oded with a single appli ation of arithmeti oding, sin e
there is no well-de ned bit position where the en oding of one value ends and another
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Census
# dataset items 142500
# variables
12
variable arity
2-12
Un omp. binary 536 KB
gzip
294 KB
bzip2
220 KB
Bayes Net
169 KB
Dyn. Bayes Net 171 KB
Sort + gzip
36 KB
Sort + bzip2
58 KB
Sort + Dyn. BN 19 KB

Banking
6370
142
2-100
416 KB
345 KB
273 KB
166 KB
166 KB
343 KB
272 KB
163 KB

EDSGC
900000
27
2-16
11.8 MB
6.9 MB
5.6 MB
4.2 MB
2.6 MB
6.5 MB
5.5 MB
2.5 MB

Sloan
3.08 M
49
2-16
53.1 MB
35.6 MB
27.9 MB
23.9 MB
16.1 MB
34.0 MB
27.7 MB
17.1 MB

Table 2.1: Compression with Bayesian networks and arithmeti oding: experimental
results summary
begins. It is possible to separate re ords or variables into independently oded blo ks,
but sin e arithmeti oding requires an extra one or two bits at the end of ea h blo k,
this auses arithmeti oding to lose some of its ompresssion performan e (although
not too mu h).
In ontrast, Hu man oding uses relatively inexpensive table lookups to perform
en oding and de oding, and ea h oded value naturally has a well-de ned start and
end position in the resulting bitstream. This makes Hu man-based oding attra tive for appli ations requiring fast de ompression and/or random a ess. However,
as mentioned previously, Hu man-based de oding provides poor ompression performan e when applied to probability distributions in whi h some values are very
probable. It is possible to group variables together to over ome this problem, but
then the tables required for en oding and de oding an be ome prohibitively large if
too many variables are pla ed in one group. Additionally, if one variable is highly orrelated with many other variables, it may be advantageous to have the value of that
variable hange the oding s hemes asso iated with several variable groups, without
that variable's value a tually being oded in the ompressed representations of all of
the groups it in uen es.
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Figure 2.4: An example Hu man network (A), along with its orresponding variablebased (B) and group-based (C) Bayesian networks.

2.4.1 Hu man Networks
We address these issues by using a modi ed Bayesian network | referred to hereafter
as a Hu man network for onvenien e | in whi h ea h node a tually models a group
of variables in the dataset rather than an individual variable. Ea h group of variables
is Hu man oded as a single unit. For example, if a group ontains three binary
variables, then that group is Hu man oded as if it were a single variable taking on
eight possible values; ea h of these eight values is assigned a probability equal to the
joint probability of the orresponding ombination of values for the original three
binary variables.
In order to take into onsideration dependen ies between variables residing in
di erent groups, we allow the probability distribution over the possible values for ea h
group to be onditioned on the values of other variables. For example, in Figure 2.4A,
six variables have been pla ed into three groups. The joint probability distribution of
all the variables in Group 3 (namely, variables x2 and x6 ) is onditioned on the values
of variables x3 ; x4 ; and x5. This onditioning is represented in the graph by ar s from
x3 ; x4 , and x5 to Group 3. Assuming all the variables are binary, this means that
Group 3 requires eight Hu man tables | one for ea h possible ombination of values
to x3 ; x4 and x5 . Ea h of these tables then has four entries | one for ea h possible
ombination of x2 and x6 . Note, however, that Group 3 is not onditioned on the
value of x1 , despite the fa t that x1 is in the same group as x4 and x5 . This added
exibility an help in ertain situtations | for example, if x2 and x6 are independent
of x1 given x4 and x5 , then onditioning Group 3 on the value of x1 would double the
number of Hu mann tables required by Group 3 without in reasing Group 3's oding
eÆ ien y.
23

The Hu man network an be thought of as a Bayesian network over the original
variables in whi h all variables in the same group are ompletely onne ted (e.g.,
Figure 2.4B). This representation tells us what dependen ies between variables are
being modeled by the oding s heme asso iated with the Hu man network. At the
same time, the Hu man network an be thought of as a Bayesian network over the
groups themselves (e.g., Figure 2.4C), where an ar exists from group G to group
G0 if and only if an ar exists from at least one variable in G to the group G0 in
the Hu man network. This view summarizes how the oding groups in the Hu man
network are onne ted, thus telling us whi h groups of variables need to be de oded
before other groups an be de oded.
We use a given Hu man network to perform ompression as follows. First, we take
one pass through the dataset to ompute ontingen y tables for ea h of the groups
in the network. The ontingen y table for a given group with a set of variables V
and set of onditioning variables P ounts how many times ea h possible ombination
of values for V P o urs in the dataset. These ontingen y tables are represented
sparsely so that ombinations that never a tually o ur in the dataset are never
expli itly represented.
On e these ontingen y tables have been al ulated, we build the Hu man tables
for all of the groups in the network. If we're ompressing to a le, we en ode these
tables at the beginning of the le so they an be extra ted later for de ompression.
(We omit the details.) Next, we en ode all of the re ords. To en ode a re ord, we
en ode the variable groups in some order onsistent with a topologi al sort of the
groups in the Hu man network. When en oding any given group, we use the values
of the group's onditioning variables to sele t the appropriate Hu man table, and
then output the bits in the entry orresponding to the values of the group's variables.
De oding is performed in an analogous manner.
S

Compression and De ompression Performan e
We dis uss how to automati ally learn good Hu man networks in the next se tion.
But rst, let us brie y dis uss the ompression performan e of manually spe i ed
networks on a few syntheti datasets in order to illustrate situtations where grouping
variables together makes sense versus situations where adding ar s between groups
makes sense.
Dataset 1 ontains 100,000 re ords with 32 binary variables. The variables are
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all independent of ea h other, and ea h variable has a probability of .2 of being set
to zero and .8 of being set to one. In su h a dataset, a Hu man network with ea h
variable in its own individual group will not ompress the data at all, regardless of
what ar s are in the network. However, if variables are grouped together, then some
ompression an be a hieved. Simply pairing the variables together in groups of two
allows the le size to be redu ed by 25 per ent; similar results are a hieved by using
groups of four or eight variables. If we try putting too many variables in a group,
on the other hand, su h as sixteen, the Hu man tables begin requiring too many
bits to spe ify, and the le size in reases. The following table shows the ompression
performan e of four di erent Hu man networks on this dataset in whi h the variables
are pla e in groups of 2, 4, 8, or 16. We also provide results for gzip and bzip2 for
purposes of omparison.
Dataset 1 Un ompressed gzip
bzip2 Hu man(2) Hu man(4) Hu man(8) Hu man(16)
401 KB
310 KB 331 KB
313 KB
297 KB
295 KB
396 KB

Dataset 2 ontains 100,000 re ords with 32 variables, ea h of whi h an take on
32 values. The rst variable randomly takes on one of its 32 possible values with
uniform probability. Ea h other variable is then independently set at random to
either be indenti al to the rst variable (with probability .5) or to be di erent from
the rst variable (with probability .5). In the latter ase, its value is hosen with
uniform probability from the remaining possible values. The rst variable has a
strong orrelation with all other variables in the dataset, so it helps to have these
variables either in the same group as the rst variable or in groups onditioned on
the rst variable. However, only a limited number of variables an be put into the
same group as the rst variable without making the Hu man table for that group
prohibitively expensive, so most of the variables must lie in other groups. Therefore,
the Hu man network we use for this dataset simply has every variable in its own
group, with all groups onditioned on the rst variable.
Dataset 2 Un ompressed gzip
bzip2 Hu man
2.00 MB
1.92 MB 1.87 MB 1.42 MB

Finally, dataset 3 ontains 100,000 re ords with 40 variables, ea h of whi h an
take on 4 values. These variables have been randomly arranged into families of four
variables. Within ea h family, the rst variable is hosen at random; ea h other
variable in the family is assigned a value identi al to the value of the rst variable in
the family with probability .9, and to a random di erent value with probability .1.
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If we ompress this dataset with a Hu man network in whi h ea h variable is in its
own group and in whi h the dependen ies between the variables in the dataset are
a urately modeled with ar s between these variables, the network ompresses the
data by about 30 per ent. On the other hand, if we use a Hu man network in whi h
the variables are simply put in groups of 4 orresponding to the families of onne ted
variables in the rst network, then we an ompress the dataset by over a fa tor of
2. Even though the rst network in a sense more a urately re e ts how the data
was generated, it su ers from the fa t that ea h of the individual variables requires
at least 1 bit to en ode even if that variable is highly predi table given its parent
variable. It is interesting to note that gzip and bzip2 fail to ompress this dataset
at all.
Dataset 3 Un ompressed gzip
bzip2 Hu man(ar s) Hu man(groups)
1.00 MB
1.00 MB 1.01 MB
685 KB
486 KB

2.4.2 Learning Hu man Networks
The problem of automati ally nding e e tive Hu man networks to use for ompression is very similar to the problem of nding maximum-BIC Bayesian networks, and
is almost ertainly at least as diÆ ult. Therefore, as in the ase of learning Bayesian
networks, we must rely on heuristi sear h te hniques. We have not extensively explored possible sear h algorithms for nding good Hu man networks; however, we
have implemented a relatively simple multiple-restart sto hasti hill limbing algorithm. At ea h step during a hill limbing run, the sear h algorithm onsiders making
one of the following hanges to its urrent Hu man network:

 Add an ar from a randomly sele ted variable to a randomly sele ted group, or
remove the ar if one already exists
 Move a variable from its urrent group to a randomly sele ted group
If the hange under onsideration would reate a y le in the Hu man network,
then it is immediately reje ted and another hange is randomly onsidered. Otherwise, the algorithm evaluates the resulting network and ompares its estimated
ompression performan e to the estimated ompression performan e of the urrent
working network. A good network minimizes the total number of bits required to:
(1) en ode the network itself, and (2) en ode the data with the network. Both of
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Arithmeti oding
Census 169 KB, 0.54 MB/se
Banking 166 KB, 0.49 MB/se
Astro1 4.2 MB, 0.50 MB/se
Astro2 23.9 MB, 0.31 MB/se

Hu man oding (no groups) Hu man network w/groups
232 KB, 1.0 MB/se
171 KB, 1.9 MB/se
222 KB, 0.7 MB/se
179 KB, 1.1 MB/se
4.8 MB, 1.0 MB/se
4.3 MB, 2.2 MB/se
28.1 MB, 0.43 MB/se
24.1 MB, 1.3 MB/se

Table 2.2: Experimental results for arithmeti oding vs. Hu man networks
these terms an be estimated a urately from the Hu man trees asso iated with the
group nodes on e we have omputed them. An important point to note about the
evaluation of the network is that it is lo al: that is, if we hange one part of the
Hu man network, we do not need to re al ulate the ontributions of the other parts,
sin e they remain the same. When the algorithm tries more than some user-spe i ed
number of hanges to the network stru ture in a row with no improvement, the algorithm restarts another hill limbing run with another initial network stru ture. As
urrently implemented, this algorithm requires many passes through the dataset; for
large datasets, we use a randomly sele ted sample of datapoints rather than the entire
dataset in order to maintain reasonable speed.

2.4.3 Experimental Results
We use multiple-restart hill limbing over Hu man networks in order to nd good
oding networks for the four datasets previously examined. The starting point of the
hill limbing algorithm is a Hu man network with ea h variable in its own group; this
initial Hu man network may either be empty (i.e., ontain no ar s) or ontain ar s
orresponding to those learned by the Bayesian network-learning algorithms used in
Se tion 2.2.2. On e the algorithm settles on a \good" network, we measure its performan e both in terms of ompressed le size (as we did in Se tion 2.2.2) and in terms of
how fast it is able to perform de ompression on en oded representations of the data in
memory. Speed is measured in terms of the number of bits of un ompressed data deoded per se ond on a 450 MHz Pentium II. We ompare the performan e of Hu man
networks learned via our sto hasti hill limbing pro edure with (1) the performan e
of the Bayesian network-based arithmeti oding approa h from Se tion 2.2.2, and
(2) the performan e of Hu man networks that employs the same network stru tures
as the orresponding Bayesian network-based arithmeti oders, with ea h variable
oded in its own group. The results are shown in Table 2.2.
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The results show that naively using Hu man oding with the Bayesian networks
learned in Se tion 2.2.2 results in signi antly worse ompression rates than arithmeti oding { in some ases, worse than gzip or bzip2 (see Table 2.1). Furthermore,
it is often not too mu h faster than arithmeti oding. However, when variables are
grouped together in Hu man network oding groups, the ompression rates ome
mu h loser to those a hieved with arithmeti oding | to within 1%-8%. Furthermore, as a side e e t, de oding speeds be ome sign iantly faster when the variables
are pla ed in oding groups sin e there is less exe ution overhead per variable. The
resulting speeds were 2-4 times faster than arithmeti oding.

2.5 Con lusions, Related Work, and Possible Extensions
So far, we have only ompared the algorithms developed in this hapter against gzip
and bzip2, and the primary metri for omparison used is the resulting ompression rate. While these results are en ouraging, more thorough omparisons versus
di tionary-based ompression algorithms are warranted, parti ularly in (1) observing
the e e ts of hanging the di tionary size and oding granularity of the di tionarybased algorithms, and (2) omparing the relative speeds of the algorithms. Other
\bla k box" ompression algorithms worth omparing against in lude predi tion by
partial mat hing (PPM) [CW84℄, whi h uses a variable-length ontext over previous
bytes to probabilisti ally predi t the next byte, and dynami Markov ompression
(DMC) [CH87℄ whi h automati ally learns nite-state models of the datastream.
Hu man en oding allowed us to a hieve mu h faster de ompression speeds than
with arithmeti oding at nearly the same ompression rates, but it is still signi antly
slower than gzip or bzip2. The Hu man oder used in the experiments throughout
this hapter was a naive implementation that performed de oding on a bit-by-bit
basis using binary trees. More eÆ ient algorithms for Hu man oding exist, su h as
anoni al Hu man oding [HL90℄. We have performed preliminary tests with a simple
implementation of anoni al Hu man oding; de oding speed was indeed in reased by
a further 10-20%. This isn't terribly dramati , but additional optimization may still
be possible; a fair amount of other previous resear h has been performed on making
Hu man oding eÆ ient ([CKP85℄, [Sie88℄, [MT97℄).
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All the experimental results for the Bayesian network-based ompression algorithms presented in this hapter have required at least two passes through the dataset.
Additionally, on e a network was learned from the dataset, it was kept xed throughout the subsequent ompression of that dataset | that is, the model used for ompression was stati . There are advantages to this approa h: namely, it is possible to
maintain random a ess to small blo ks of data, and the omputational ost of ompressing or de ompressing any given dataset item is relatively small on e the model
has been learned and xed. However, there are some situations in whi h it may be
desirable to take a single pass through the data, su h as when it is stored on media
that requires long a ess times. Furthermore, if the probability distributions exhibited by the data hange throughout the dataset, adaptive ompression algorithms an
a hieve signi antly better ompression rates that stati algorithms. In su h situations, it may be better to use an adaptive ompression algorithm that dynami ally
adjusts its model of the data during ompression.
Frey [FHD96℄ breaks the dataset into blo ks; after ea h blo k is en oded or deoded, the parameters of the network are adjusted using the wake-sleep algorithm.
When attempting to learn a network with more ompli ated onditional probability distributions and an unknown stru ture, however, things be ome somewhat more
ompli ated. How do we maintain the statisti s used by the Bayesian network while
its stru ture is being hanged on the y? If the urrent network does not model any
dependen ies between variables X and Y , for example, how will we ever noti e that
su h a dependen y exists in the data?
Friedman and Goldszmidt [FG97℄ address this problem by maintaining a set of
frontier networks that ea h di er from the urrent network by one ar . When it is
determined that one of these frontier networks is better than the urrent network,
the urrent network is repla ed with that frontier network, and a new set of frontier
networks are generated. The statisti s of these new frontier networks are then updated
as more data is pro essed, and so forth. Relatively simple adjustments to the Bayesian
Information Criteria s oring fun tions are made to a ount for the fa t that not all
statisti s have been derived from the same number of data points. This te hnique
ould easily be applied to adaptive ompression with sparsely onne ted Bayesian
networks.
Extending su h adaptive methods to work with dynami Bayesian networks would
be straightforward. This ombination may be parti ularly useful for handling data
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ontaining both short-term and long-term variations in its distributions. The gradual hanges in the networks' parameters and stru ture would allow them to better
apture the long-term hanges; meanwhile, the expli it modelling of dependen ies
between immediately adja ent datapoints may allow the model to tra k short-term
orrelations more e e tively than possible with adaptive oding over nondynami
Bayesian networks.
There are a wide variety of ways in whi h Bayesian network stru tures an be
learned, and in whi h the onditional probability distributions at their nodes an be
expressed. For example, Frey's work [Fre98℄ uses highly onne ted networks in whi h
ea h node has a fairly restri ted onditional probability distribution. On the other
hand, the algorithms used in this hapter generate networks with very sparse onne tivity, but in whi h the nodes have unrestri ted onditional probability distributions
respresented in full tabular form | that is, the probability distribution over ea h
variable's possible values is re orded seperately for every possible ombination of values that variable's parent variables an take on. It would be interesting to ompare
the relative e e tiveness of these two approa hes, both in terms of ompression rates
and omputational feasability.
It is possible to ompromise between the unrestri ted onditional probability distribution tables used here and the nite-parameter distributions used in work su h
as Frey's | namely, by learning \lo al stru ture" within the onditional probability
distribution for ea h node [FG96b℄. For example, one an use a de ision tree for ea h
variable representing how that variable's distribution depends on parti ular ombinations of its parent variables' values, without exhaustively enumerating all possible
ombinations of the parent variables' values. This may allow us to ondition some
variables' distributions on the values of many other variables in a ompa t manner
while still apturing some of the omplexities in how these other variables' e e ts
ombine. (Essentially any supervised ma hine learning method that is apable of
returning a probability distribution over a \ lass" variable's value when given the
values of other predi tive features an be used in this ontext in pla e of de ision
trees.) In Chapter 4, we will explore more general tree-based representations of onditional probability distributions. These representations ould easily be used for the
ompression tasks addressed in this hapter.
So far, we have restri ted our attention to datasets in whi h all variables are disrete. Of ourse, many datasets have real-valued variables instead, or a mixture of
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real-valued and symboli variables. How should we deal with ompressing the real
values in su h datasets? Sin e it is impossible to represent arbitrary real values perfe tly in any nite number of bits, we must settle for an approximate representation.
We might imagine attempting to ompress real values losslessly up to the limits of
a given ma hine's native oating-point format; however, if the least signi ant bits
in these numbers are largely noise, they will be (1) hard to ompress e e tively, and
(2) useless for most appli ations anyway. Thus, datasets with real-valued variables
typi ally ne essitate the use of lossy ompression te hniques that are not guaranteed
to perfe tly re onstru t the original un ompressed data.
Throughout the next two hapters, we will examine algorithms that learn Bayesian
networks modeling probability distributions over both dis rete and ontinuous variables. While we have not yet applied these algorithms to the lossy ompression of
real-valued datasets, they were designed partially with this appli ation in mind. This
is parti ularly the ase with the Bayesian network-based models des ribed in Chapter 4, whi h an be evaluated qui kly and have other properties that make them
onvenient for ompression.
A system alled SPARTAN [BGR01℄ was re ently developed for lossily ompressing datasets by using networks of CART-like de ision and regression trees. (SPARTAN was developed after the material in this hapter and Chapter 3 was published
([DM99℄, [DM00℄) and largely on urrently with the material developed in Chapter 4.)
There are onsiderable di eren es between SPARTAN's approa h and the approa h
to ompression that would most naturally result from the material in the next two
hapters, however; see Se tion 4.9 for details.
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Chapter 3
Mix-Nets

3.1 Introdu tion
Bayesian networks are most ommonly used in situations where all the variables are
dis rete, largely be ause it is diÆ ult to model omplex probability densities over
ontinuous variables, and diÆ ult to model intera tions between ontinuous and disrete variables. When Bayesian networks with ontinuous variables are used, the
ontinuous variables are typi ally modeled with simple parametri forms su h as
multidimensional Gaussians. Some resear hers have re ently investigated the use
of more ompli ated ontinuous distributions within Bayesian networks; for example,
weighted sums of Gaussians have been used to approximate onditional probability
density fun tions [DM95℄. Unfortunately, su h omplex distributions over ontinuous variables are usually quite omputationally expensive to learn. If an appropriate
Bayesian network stru ture is known beforehand, then this expense may not be too
problemati , sin e only N onditional distributions must be learned. On the other
hand, if the dependen ies between variables are not known a priori and the stru ture
must be learned from the data, then the number of onditional distributions that
must be learned and tested while a stru ture-learning algorithm sear hes for a good
network an be ome unmanageably large.
However, very fast algorithms for generating omplex joint probability densities
over small sets of ontinuous variables have re ently been developed. In parti ular,
mixtures of Gaussians an be tted to data very qui kly using an a elerated EM
algorithm that employs multiresolution kd-trees [Moo99℄. In this hapter, we pro33

pose a kind of Bayesian network in whi h low-dimensional mixtures of Gaussians
over di erent subsets of the domain's variables are ombined into a oherent joint
probability model over the entire domain. The network is also apable of modelling
omplex dependen ies between dis rete variables and ontinuous variables without
requiring dis retization of the ontinuous variables. In Se tion 3.2, we des ribe the
type of parameterizations employed in our networks' nodes, and how they are learned
from data given a xed Bayesian network stru ture. In Se tion 3.3, we des ribe an
eÆ ient heuristi algorithm for automati ally learning the stru tures of our Bayesian
networks from data. In se tion 3.4, we provide experimental results illustrating the
e e tiveness of our methods on two real s ienti datasets and two syntheti datasets.
In Se tion 3.5 we dis uss possible appli ations, and nally in Se tion 3.6 we dis uss
related work and possible lines of further resear h.
First, a qui k note about notation. When modelling probability distributions
over ontinuous variables, the fun tions used usually provide estimated probability
densities at the spe i ed points | that is, in order to ompute the a tual probability
that a ontinuous variable X will take on a value in some spe i ed range lose to
some spe i value x, it is ne essary to integrate the value of the density fun tion
over that range. Dis rete probability distributions are usually spe i ed by fun tions
that represent probability masses. Sin e the models dis ussed in this hapter and
Chapter 4 are intended to model distributions of dis rete variables and ontinuous
variables simultaneously, we will often simply write P (X~ ) where X~ is a set of variables,
some of whi h may be ontinuous and others of whi h may be dis rete; onverting
this to an a tual probability would, of ourse, require integrating over a volume in
the spa e of ontinuous variables. For simpli ity, we may also sometimes use notation
su h as
P (X~ )dY~
in situations where Y~  X~ may ontain both dis rete and ontinuous variables. This
is to be understood as shorthand for integrating over the ontinuous variables in Y~
and summing over the dis rete variables.
Z
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3.2 Mix-nets
3.2.1 General methodology
Suppose that we have a very fast, bla k-box algorithm A geared not towards nding
a urate onditional models of the form P (X j~ ), but rather towards nding a urate joint probability models P (S~ ) over subsets of variables S~ , su h as P (X ; ~ ).
Furthermore, suppose it is only apable of generating joint models for relatively small
subsets of the variables, and that the models returned for di erent subsets of variables are not ne essarily onsistent. For example, if we were to ask A for two di erent
models P1 (X5; X17) and P2(X5; X24 ), the marginal distributions P1(X5 ) and P2(X5 )
of these models may be in onsistent. Can we still ombine many di erent models
generated by A into a valid probability distribution over the entire spa e?
Fortunately, the answer is yes, as long as the models returned by A an be
marginalized exa tly. If for any given P (X ; ~ ) we an ompute a marginal distribution P (~ ) that is onsistent with it,
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Pi (Xi ; ~ i )dXi;

then we an employ P as a onditional distribution P (X j~ ) trivially as follows:
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Pi (Xi j~ i ) = Pi (Xi ; ~ i )=Pi(~ i ):

In this ase, given a dire ted a y li graph G spe ifying a Bayesian network stru ture
over N variables, we an simply use A to a quire N models P (X ; ~ ), marginalize
these models, and string them together to form a probability distribution over the
entire spa e:
P (X~ ) = P (X ; ~ )=P (~ ):
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A simple but key observation is that even though the marginals of di erent P 's may
be in onsistent with ea h other, the P 's are only used onditionally, and in a manner
that prevents these in onsisten ies from a tually ausing the overall model to be ome
in onsistent. Of ourse, the fa t that there are in onsisten ies at all | suppressed
or not | means that there is a ertain amount of redundan y in the overall model.
However, if allowing su h redundan y lets us employ a parti ularly fast and e e tive
model-learning algorithm A, it may be worth it.
i

i
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Joint models over subsets of variables have been similarly onditionalized in previous resear h in order to use them within Bayesian networks. For example, the
onditional distribution of ea h variable in the network given its parents an be modeled by onditionalizing another \embedded" Bayesian network that spe i es the
joint distribution between the variable and its parents [HM97a℄. (Some theoreti al
issues on erning the interdependen e of parameters in su h models are dis ussed
in [HM97a℄ and [HM97b℄.) Joint distributions formed by onvolving a Gaussian kernel fun tion with ea h of the datapoints have also been onditionalized for use in
Bayesian networks over ontinuous variables [HT95℄.

3.2.2 Handling ontinuous variables
Suppose for the moment that X~ ontains only ontinuous values. What sorts of
models might we want A to return? One powerful type of model for representing
probability density fun tions over small sets of variables is a Gaussian mixture model
(see e.g. [DH73℄). Let s~ represent the values that the j datapoint in the dataset
D assigns to a variable set of interest S~ . In a Gaussian mixture model over S~ , we
assume that the data are generated independently through the following pro ess: for
ea h s~ in turn, nature begins by randomly pi king a lass, , from a dis rete set of
lasses 1 ; : : : ; . Then nature draws s~ from a multidimensional Gaussian whose
mean ve tor ~ and ovarian e matrix  depend on the lass. This produ es a
distribution of the following mathemati al form:
th
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P (S~ j~) =

(2) d2 jjk jj 12 exp( 12 (S~ ~k )T k 1 (S~ ~k ))
k =1
M
X

k

where represents the probability of a point oming from the k
number of dimensions, and
k

~T

= f 1; : : : ;

M

th

lass, d is the

; ~1; : : : ; ~M ; 1 ; : : : ; M g

denotes the entire set of the mixture's parameters. It is possible to model any ontinuous probability distribution with arbitrary a ura y by using a Gaussian mixture
with a suÆ iently large M .
Given a Gaussian mixture model P (X ; ~ ), it is easy to ompute the marginalization P (~ ): the marginal mixture has the same number of Gaussians as the original
mixture, with the same 's. The means and ovarian es of the marginal mixture are
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Figure 3.1: Contour plots for a simple Gaussian mixture P (X; ) (on the left) and
the orresponding onditional distribution P (X j) (on the right). X is the verti al
axis and  is the horizontal axis.
simply the means and ovarian es of the original mixture with all elements orresponding to the variable X removed. Thus, Gaussian mixture models are suitable
for ombining into global joint probability density fun tions using the methodology
des ribed in Se tion 3.2.1, assuming all variables in the domain are ontinuous. This
is the lass of models we employ for ontinuous variables in this hapter, although
many other lasses may be used in an analogous fashion.
While P (X j~ ) is expressible as a mixture of Gaussians over X for any spe i
set of values ~ assigned to ~ , it is not generally expressible as a nite mixture of
Gaussians over X [ ~ . For example, a two-variable mixture P (X; ) omposed
of two axis-aligned Gaussians is shown in Figure 3.1, along with the orresponding
P (X j). For any xed value  of , P (X j ) is a mixture of two Gaussians, but
P (X j) as a fun tion of both X and  annot be expressed as a nite mixture of
Gaussians. (To see this, note that ea h of the two \ridges" in the bottom half of the
plot for P (X j) extends to in nity in one dire tion | one in the  dire tion and
one in the + dire tion.)
The fun tional form of the onditional distribution we use is similar to that employed in previous resear h by onditionalizing a joint distribution formed by onvolving a Gaussian kernel fun tion with all the datapoints [HT95℄. The di eren es are
that our distributions use fewer Gaussians, but these Gaussians have varying weights
and varying non-diagonal ovarian e matri es; we also employ a di erent learning
algorithm to tune the model's parameters. The use of fewer Gaussians makes our
method more suitable for some appli ations su h as ompression, and may speed up
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inferen e. (Our method may also yield more a urate models in many situations, but
we have yet to verify this experimentally.)

Learning Gaussian mixtures from data
The EM algorithm is a popular method for learning mixture models from data (see,
e.g., [DLR77℄). The algorithm is an iterative algorithm with two steps per iteration.
The Expe tation or \E" step al ulates the distribution over the unobserved mixture
omponent variables, using the urrent estimates for the model's parameters. The
Maximization or \M" step then re-estimates the model's parameters to maximize the
likelihood of both the observed data and the unobserved mixture omponent variables,
assuming the distribution over mixture omponents al ulated in the previous \E"
step is orre t. For Gaussian mixture models, the steps of the EM algorithm work as
follows:

 E step: Given the urrent network parameters ~, for ea h datapoint s~ and ea h
lass , al ulate the extent w to whi h lass \owns" s~ : w = P ( js ; ~).
 M step: Adjust ~ as follows:
= sw ; ~ = 1 w s~ ;
j

k

jk

k

R

k

k

j

k

swk j =1

j

jk j

R
X

k j

k

R
X

 = sw1 w (s~ ~ )(s~ ~ )
=1
where R is the number of datapoints in the dataset and sw =
j

jk

jk

j

k

j

k

T

k

=1 wjk .
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j

Ea h iteration of the EM algorithm in reases the likelihood of the observed data or
leaves it un hanged; if it leaves it un hanged, this usually indi ates that the likelihood
is at a lo al maximum. Unfortunately, ea h iteration of the basi algorithm des ribed
above is slow, sin e it requires a entire pass through the data. Instead, we use an
a elerated EM algorithm in whi h multiresolution kd-trees [MSD97℄ are used to
dramati ally redu e the omputational ost of ea h iteration [Moo99℄. We refer the
interested reader to this previous paper [Moo99℄ for details.
An important remaining issue is how to hoose the appropriate number of Gaussians, M , for the mixture. If we restri t ourselves to too few Gaussians, we will fail
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to model the data a urately; on the other hand, if we allow ourselves too many, then
we may \over t" the data and our model may generalize poorly. A popular way of
dealing with this tradeo is to hoose the model maximizing a s oring fun tion that
in ludes penalty terms related to the number of parameters in the model. We employ
the Bayesian Information Criterion [S h78℄ previously dis ussed in Se tion 2.2.1 to
hoose between mixtures with di erent numbers of Gaussians. Rather than re-run
the EM algorithm to onvergen e for many di erent hoi es of M and hoosing the
resulting mixture that maximizes the BIC s ore, we use a heuristi algorithm that
starts with a small number of Gaussians and sto hasti ally tries adding or deleting
Gaussians as it progresses [SM00℄1 . Gaussians with high overall probabilities are
sometimes ea h split into two Gaussians, and Gaussians with low overall probabilities
are sometimes eliminated. After the number of Gaussians is hanged in this fashion,
the EM algorithm is run for a few more iterations. If the resulting mixture has a
higher BIC s ore than the BIC s ore of the mixture with the previous number of
Gaussians, then the algorithm ontinues; otherwise it resets its distribution ba k to
the mixture with the previous number of Gaussians, runs the EM algorithm for a few
more iterations, and then ontinues sto hasti ally from there.

3.2.3 Handling dis rete variables
Suppose now that a set of variables S~ we wish to model in ludes dis rete variables
as well as ontinuous variables. Let Q~ be the dis rete variables in S~ , and C~ the
ontinuous variables in S~ . One simple model for P (Q~ ; C~ ) is a lookup table with
an entry for ea h possible set q~ of assignments to Q~ . The entry in the table orresponding to a parti ular q~ ontains two things: the marginal probability P (q~ ), and
a Gaussian mixture modeling the onditional distribution P (C~ jq~ ). Let us refer to
tables of this form as mixture tables. We obtain the mixture table's estimate for ea h
P (q~ ) dire tly from the data: it is simply the fra tion of the re ords in the dataset
that assigns the values q~ to Q~ . Given an algorithm A for learning Gaussian mixtures
from ontinuous data, we use it to generate ea h onditional distribution P (C~ jq~ ) in
the mixture table by alling it with the subset of the dataset D orresponding to the
values spe i ed by q~ .
Suppose now that we are given a Bayesian network stru ture over the entire set
of variables, and for ea h variable X we are given a mixture table for P (S~ ) =
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Thanks to Andrew Moore and Peter Sand for providing the C ode for this algorithm.
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Pi (Xi ; ~ i ). We must now al ulate new mixture tables for ea h of the marginal distributions Pi(~ i) so that we an use them for the onditional distributions Pi(Xij~ i) =
Pi (Xi ; ~ i )=Pi (~ i ). Let C~ i represent the ontinuous variables in fXi g [ ~ i ; Q~ i represent the dis rete variables in fXig [ ~ i ; C~i represent the ontinuous variables in
~ i; and Q~i represent the dis rete variables in ~ i . (Either Q~i = Q~ i or C~i = C~i,
depending on whether Xi is ontinuous or dis rete.)
If Xi is ontinuous, then the marginalized mixture table for Pi(~ i) has the same
number of entries as the original table for Pi(Xi; ~ i), and the estimates for P (Q~ i)

in the marginalized table are the same as in the original table. For ea h ombination of assignments to Q~ , we simply marginalize the appropriate Gaussian mixture
P (C~ jQ~ ) = P (C~ jQ~i ) in the original table to a new mixture P (C~i jQ~i ), and use
this new mixture in the orresponding spot in the marginalized table.
If X is dis rete, then for ea h ombination of assignments to Q~i , we ombine several di erent Gaussian mixtures for various P (C~i jQ~ )'s into a new Gaussian mixture
for P (C~i jQ~i ). First, the values of P (Q~i ) in the marginalized table are omputed
trivially from the original table as P (Q~i ) = i P (X ; Q~i ). P (X jQ~i ) is then
al ulated as P (X ; Q~i )=P (Q~i ). Finally, we ombine the Gaussian mixtures orresponding to di erent values of X a ording to the relationship
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Pi (C~i jQ~i ) = Pi (Xi jQ~i )Pi (C~i jQ~ i ):

Xi

We have now des ribed the steps ne essary to use mixture tables in order to parameterize Bayesian networks over domains with both dis rete and ontinuous variables.
Note that mixture tables are not parti ularly well-suited for dealing with dis rete
variables that an take on many possible values, or for s enarios involving many dependent dis rete variables | in su h situations, the ontinuous data will be shattered
into many separate Gaussian mixtures, ea h of whi h will have little support. Better
ways of dealing with dis rete variables are undoubtedly possible, but we leave them
for future resear h (see Se tion 3.6). The models we will dis uss in Chapter 4 naturally handle dis rete variables in a mu h more gra eful manner. (We will brie y
dis uss how we urrently handle mixture tables' potential problems with sparse data
in our experimental results se tion.)
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3.3 Learning mix-net stru tures
Given a Bayesian network stru ture over a domain with both dis rete and ontinuous
variables, we now know how to learn mixture tables des ribing the joint probability of
ea h variable and its parent variables, and how to marginalize these mixture tables to
obtain the onditional distributions needed to ompute a oherent probability fun tion
over the entire domain. But what if we don't know a priori what dependen ies exist
between the variables in the domain | an we learn these dependen ies automati ally
and nd the best Bayesian network stru ture on our own, or at least nd a \good"
network stru ture?
As mentioned in Se tion 2.2.1, nding the optimal Bayesian network stru ture
with whi h to model a given dataset is NP- omplete [Chi96℄, even when all the data
is dis rete and there are no missing values or hidden variables. A popular heuristi
approa h to nding networks that model dis rete data well is to hill limb over network
stru tures, using a s oring fun tion su h as the BIC as the riterion to maximize.
Unfortunately, hill limbing usually requires s oring a very large number of networks.
While our algorithm for learning Gaussian mixtures from data is omparatively fast
for the omplex task it performs, it is still too expensive to re-run on the hundreds
of thousands of di erent variable subsets that would be ne essary to parameterize all
the networks tested over an extensive hill limbing run. (Su h a hill limbing algorithm
has previously been used to nd Bayesian networks suitable for modeling ontinuous
data with omplex distributions [HT95℄, but in pra ti e this method is restri ted to
datasets with relatively small numbers of variables and datapoints.)
However, there are other heuristi algorithms that often nd networks very lose
in quality to those found by hill limbing but with mu h less omputation. A frequently used lass of algorithms involves measuring all pairwise intera tions between
the variables, and then onstru ting a network that models the strongest of these
pairwise intera tions (e.g. [CL68℄, [Sah96℄, [FNP99℄, and the se ond algorithm used
in Se tion 2.2.1). We use su h an algorithm in this hapter to automati ally learn
the stru tures of our Bayesian networks.
In order to measure the pairwise intera tions between the variables, we start with
an empty Bayesian network B in whi h there are no ar s | i.e., in whi h all variables
are assumed to be independent. We use our mixture-learning algorithm to al ulate
the parameters in this empty network, and then al ulate this network's BIC s ore
(see Se tion 2.2.1). On e we have al ulated the BIC s ore of the empty network B ,
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we al ulate the BIC s ore of every possible Bayesian network ontaining exa tly one
ar . With N variables, there are 2 or O(N 2) su h networks. Let B denote the
network with a single ar from X to X . Note that to ompute the BIC s ore of B ,
we need not re ompute the mixture tables for any variable other than X , sin e the
others an simply be opied from B . Now, de ne I (X ; X ), the \importan e" of the
dependen y between variable X and X , as follows:
I (X ; X ) = BIC (B ) BIC (B ):
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After omputing all the I (X ; X )'s, we initialize our urrent working network B
to the empty network B , and then greedily add ar s to B using the I (X ; X )'s as
hints for what ar s to try adding next. At any given point in the algorithm, the set
of variables is split into two mutually ex lusive subsets, DONE and PENDING. All
variables begin in the PENDING set. Our algorithm pro eeds by sele ting a variable
in the PENDING set, adding ar s to that variable from other variables in the DONE
set, moving the variable to the DONE set, and repeating until all variables are in
DONE. High-level pseudo- ode for the algorithm appears in Figure 3.2.
The algorithm generates and tests O(N 2) mixture tables ontaining two variables
ea h in order to al ulate all the pairwise dependen y strengths I (X ; X ), and then
O(N  K ) more tables ontaining MAXPARS+1 or fewer variables ea h during the
greedy network onstru tion. K is a user-de ned parameter that determines the
maximum number of potential parents evaluated for ea h variable during the greedy
network onstru tion.
Note that as the algorithm is des ribed above, the step in the algorithm labeled
with a \y" in Figure 3.2 might appear to take O(N 2) time, thus bumping the overall
time of the algorithm up to O(N 3). By a hing information between iterations, the
ost of this step per iteration ould be redu ed to O(N log K ), for a total ost of
O(N 2 log K ). However, this savings is largely irrelevant; the real ost of the stru turelearning algorithm lies in the O(N 2) alls to the mixture-table learning algorithm.
Ea h of these alls typi ally takes at least O(R) time, where R is the number of
re ords in the dataset, and R is typi ally mu h larger than N .
If MAXPARS is set to 1 and I (X ; X ) is symmetri , then our heuristi algorithm
redu es to a maximum spanning tree algorithm (or to a maximum-weight forest algorithm if some of the I 's are negative). Out of all possible Bayesian networks in whi h
ea h variable has at most one parent, this maximum spanning tree is the Bayesian
network B 1 that maximizes the s oring fun tion. (This is a trivial generalization of
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 B := B , PENDING := the set of all variables, DONE := fg
 While there are still variables in PENDING:
{ Consider all pairs of variables X and X su h that X is in DONE and X
is in P ENDING:y Of these, let X and X be the pair of variables
that maximizes I (X ; X ). Our algorithm sele ts X as the next variable
to onsider adding ar s to. (Ties are handled arbitrarily, as is the ase
where DONE is urrently empty.)
{ Let K 0 = min(K; jDONE j), where K is a user-de ned parameter. Let
X 1 ; X 2 ; : : : X denote the K 0 variables in DONE with the highest values
of I (X ; X ), in des ending order of I (X ; X ).
{ For i = 1 to K 0:
 If X now has MAXPARS parents in B , or if I (X ; X ) is less
than zero, break out of the for loop over i and do not onsider adding
any more parents to X .
 Let B 0 be a network identi al to B ex ept with an additional ar
from X to X . Call our mixture-learning algorithm to update the
parameters for X 's node in B 0 , and ompute BIC (B 0 ).
 If BIC (B 0) > BIC (B ); B := B 0 .
{ Move X from PENDING to DONE.
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Figure 3.2: The greedy network stru ture learning algorithm employed in this hapter.
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the well-known algorithm [CL68℄ for the ase where the unpenalized log-likelihood is
the obje tive riteria being maximized.) If MAXPARS is set above 1, our heuristi
algorithm will always model a superset of the dependen ies in B 1 , and will always
nd a network with at least as high a BIC s ore as B 1 's.
There are a few details that prevent our I (X ; X )'s from being perfe tly symmetri . Be ause the mixtures we use have redundant parameters, the number of
parameters in B and B are not ne essarily equal, and so the two networks' BIC
s ores may be di erent even if the distributions they model are identi al. Furthermore, the distributions modeled by the two networks will not generally be identi al,
sin e our mixture-learning algorithm is sto hasti and will not usually nd distributions with the truly highest possible likelihoods. Also, even in s enarios in whi h all
the variables are dis rete, the two distributions may not be identi al be ause of the
slight adjustments we make in our models' parameters in order to handle sparse data
(as des ribed in the experimental results se tion). In pra ti e, however, I is lose
enough to symmetri that it's often worth pretending that it is symmetri , sin e this
uts down the number of alls we need to make to our mixture-learning algorithm in
order to al ulate the I (X ; X )'s by roughly a fa tor of 2.
Sin e learning joint distributions involving real variables is expensive, alling our
mixture table generator even just O(N 2) times to measure all of the I (X ; X )'s an
take a prohibitive amount of time. We note that the I (X ; X )'s are only used to
hoose the order in whi h the algorithm sele ts variables to move from PENDING
to DONE, and to sele t whi h ar s to try adding to the graph. The a tual values of
I (X ; X ) are irrelevant | the only things that matter are their ranks and whether
they are greater than zero. Thus, in order to redu e the expense of omputing the
I (X ; X )'s, we an try omputing them on a dis retized version of the dataset rather
than the original dataset that in ludes ontinuous values. The resulting ranks of
I (X ; X ) will not generally be the same as they would be if they were omputed
from the original dataset, but we would expe t them to be highly orrelated in many
pra ti al ir umstan es.
Mu h like the stru ture-learning algorithm employed in Chapter 2, the stru turelearning algorithm used here is similar to the \Limited Dependen e Bayesian Classi ers" previously employed to learn networks for lassi ation [Sah96℄, ex ept that
our networks have no spe ial target variable, and we add the potential parents to a
given node one at a time to ensure that ea h a tually in reases the network's s ore.
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The learning algorithm is also somewhat similar in spirit to the \Sparse Candidate"
algorithm [FNP99℄. We will generalize the algorithm further in Se tion 4.6.

3.4 Experiments
In this se tion, we ompare the performan e of the network-learning algorithm des ribed above to the performan e of four other algorithms. Ea h of the four other
algorithms is designed to be similar to our network-learning algorithm ex ept in one
important respe t. First we des ribe a few details about how our primary networklearning algorithm is used in our experiments, and then we des ribe the four alternative algorithms.

3.4.1 Algorithms

Mix-net learner
This is our primary network-learning algorithm, as des ribed in Figure 3.2. For our
experiments on both datasets, we set MAXPARS to 3 and K to 6. When generating
any given Gaussian mixture, we give our a elerated EM algorithm thirty se onds
to nd the best mixture it an. In order to make the most of these thirty-se ond
intervals, we also limit our overall training algorithm to using a sample of at most
10,000 datapoints from the training set. Rather than omputing the I (X ; X )'s with
the original dataset, we ompute them with a version of the dataset in whi h ea h
ontinuous variable has been dis retized to 16 di erent values. The boundaries of the
16 bins for ea h variable's dis retization are hosen so that the number of datapoints
in ea h bin is approximately equal.
Mixture tables ontaining many dis rete variables (or a few dis rete variables ea h
of whi h an take on many values) an severely over t data, sin e some ombinations
of the dis rete variables may o ur rarely in the data. For now, we attempt to address
this problem as follows:
i
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 The estimates for the distribution P (Q~ ) over the dis rete variables in any given
mixture table are smoothed by adding half a datapoint's worth of probability
mass to ea h possible ombination and renormalizing a ordingly.
i
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 In addition to the Gaussian omponents, ea h mixture over ontinuous variables
ontains a uniform omponent. This uniform omponent represents a onstant
density over a hypervolume bounding the entire dataset. We x this uniform
omponent's total probability mass at half a datapoint's worth, and renormalize
the distribution a ordingly. If there are too few datapoints in the mixture to t
even a single Gaussian, then the mixture ontains only this uniform omponent,
whi h is assigned a total probability mass of one in this spe ial ase.
Whenever Gaussian mixtures are learned, there is a possibility that a Gaussian will
be ome ill- onditioned and further mathemati al operations will fail due to roundo
error. Even worse, a Gaussian may shrink to an arbitrarily small size around a single
datapoint and thus ontribute an arbitrarily large amount to the log-likelihood of
the training data. We help prevent these onditions from o urring by adding a
small onstant to the diagonal elements of all Gaussians' ovarian e matri es. (A
more prin ipled but slightly more omplex approa h would be to use a prior over the
Gaussians' parameters, su h as a normal-Wishart distribution.)

Independent Mixtures
This algorithm will help us illustrate how mu h leverage our mix-net learning algorithm gets by modeling any dependen ies at all between variables. It is identi al to
our mix-net learning algorithm in almost all respe ts; the main di eren e is that here
the MAXPARS parameter has been set to zero, thus for ing all variables to be modeled independently. We also give this algorithm more time to learn ea h individual
Gaussian mixture, so that it is given a total amount of omputational time at least
as great as that used by our mix-net learning algorithm.

Trees
This algorithm will help us illustrate how mu h leverage our mix-net learning algorithm gets by generating models more omplex than tree-shaped (or forest-shaped)
networks. It is identi al to our primary network-learning algorithm in all respe ts
ex ept that the MAXPARS parameter has been set to one, and we give it more time
to learn ea h individual Gaussian mixture (as we did for the Independent Mixtures
algorithm).
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Single-Gaussian Mixtures
This algorithm will help us illustrate how mu h leverage our mix-net learning algorithm gets by using mixtures ontaining multiple Gaussians. It is identi al to our
primary network-learning algorithm ex ept for the following di eren es. When learning a given Gaussian mixture P (C~ jQ~ ), we use a single multidimensional Gaussian
rather than a mixture. (Note, however, that some of the marginal distributions
P (C~i jQ~i ) may ontain multiple Gaussians when the variable marginalized away is
dis rete.) Sin e single Gaussians are mu h easier to learn in high-dimensional spa es
than mixtures are, we allow this single-Gaussian algorithm mu h more freedom in reating large mixtures. We set both MAXPARS and K to the total number of variables
in the domain minus one. We also allow the algorithm to use all datapoints in the
training set rather than restri t it to a sample of 10,000. Finally, we use the original
real-valued dataset rather than a dis retized version of the dataset when omputing
ea h pairwise intera tion I (X ; X ).
Dis laimer: as implemented for these experiments, this algorithm over ounts the
number of parameters truly required to represent the distributions being modelled.
When a joint distribution P (X ; ~ ) omposed of a single Gaussian is used onditionally, the resulting onditional distribution P (X j~ ) is the same as would be provided
with linear regression, whi h requires only O(j~ j) parameters. (See Se tion 4.2.2 for
details.) Better methods for learning Bayesian networks of this form have been resear hed in the past (e.g. [GH94℄). However, the a ura y of the implementation here
is probably not too mu h worse than the performan e that would be a hieved with
these other methods given the large number of datapoints used in our experiments.
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Pseudo-Dis rete Bayesian Networks
This algorithm is similar to our primary network-learning algorithm in that it uses
the same sort of greedy algorithm to sele t whi h ar s to try adding to the network.
However, the networks this algorithm produ es do not employ Gaussian mixtures.
Instead, the distributions it uses are losely related to the distributions that would be
modeled by a Bayesian network for a ompletely dis retized version of the dataset. For
ea h ontinuous variable X in the domain, we break X 's range into F bu kets. The
boundaries of the bu kets are hosen so that the number of datapoints lying within
ea h bu ket is approximately equal. The onditional distribution for X is modeled
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with a table ontaining one entry for every ombination of its parent variables, where
ea h ontinuous parent variable's value is dis retized a ording to the F bu kets we
have sele ted for that parent variable. Ea h entry in the table ontains a histogram
for X re ording the onditional probability that X 's value lies within the boundaries
of ea h of X 's F bu kets. We then translate the onditional probability asso iated
with ea h bu ket into a onditional probability density spread uniformly throughout
the range of that bu ket. (Dis rete variables are handled in a similar manner, ex ept
the translation from onditional probabilities to onditional probability densities is
not performed.)
When performing experiments with this algorithm, we re-run it for several di erent
hoi es of F : 2, 4, 8, 16, 32, and 64. Of the resulting networks, we pi k the one
that maximizes the BIC. When the algorithm uses a parti ular value for F , the
variable intera tions I (X ; X ) are omputed using a version of the dataset that has
been dis retized a ordingly, and then ar s are added greedily as in our mix-net
learning algorithm. The networks produ ed by this algorithm do not have redundant
parameters as our mix-nets do, as ea h node ontains only a model of its variable's
onditional distribution given its parents rather than a joint distribution.
Dis laimer: mu h resear h has been performed on better ways of dis retizing real
variables in Bayesian networks (e.g. [FG96a℄, [MC98a℄, [MC99℄). The simple disretization algorithm dis ussed here and urrently implemented for our experiments
is ertainly not state-of-the-art.
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3.4.2 Datasets and results
We tested the previously des ribed algorithms on two di erent datasets taken from
real s ienti experiments. The \Bio" dataset ontains data from a high-throughput
biologi al ell assay. There are 12,671 re ords and 31 variables. 26 of the variables
are ontinuous; the other ve are dis rete. Ea h dis rete variable an take on either
two or three di erent possible values.
The \Astro" dataset ontains data taken from the Sloan Digital Sky Survey, an
extensive astronomi al survey urrently in progress. This dataset ontains 111,456
re ords and 68 variables. 65 of the variables are ontinuous; the other three are
dis rete, with arities ranging from three to 81.
Two minor adjustments were made to ea h of the original datasets before handing
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Bio
Independent Mixtures 33300  500
Single-Gaussian Mixtures 65700  200
Pseudo-Dis rete
59100  100
Tree
74600  300
Mix-Net
80900  300

Astro
2746000  5000
2436000  5000
3010000  1000
3280000  8000
3329000  5000

Figure 3.3: Mean log-likelihoods (and the standard deviations of the means) of test
sets in a 10-fold ross-validation.
them to any of our learning algorithms. First, all ontinuous variables were s aled
so that all values lie within [0; 1℄. This helps put the log-likelihoods we report in
ontext, and possibly helps prevent problems with limited ma hine oating-point
representation. Se ond, the value of ea h ontinuous value in the dataset were randomly perturbed by adding to it a value uniformly sele ted from [-.0005, .0005℄. This
noise was added to eliminate any deterministi relationships or delta fun tions in the
data. The log-likelihood of a ontinuous dataset exhibiting even a single deterministi relationship between two variables is in nite when given the orre t model; in
su h a situation, it is not lear how meaningful log-likelihood omparisons between
ompeting learning algorithms would be. (See Se tion 4.3 for further dis ussion on
this topi .) We added uniform noise rather than Gaussian noise in order to prevent
the introdu tion of a bias that favors Gaussian mixtures.
For ea h dataset and ea h algorithm, we performed ten-fold ross-validation, and
re orded the log-likelihoods of the test sets given the resulting models. Figure 3.3
shows the mean log-likelihoods of the test sets a ording to models generated by
our ve network-learning algorithms, as well as the standard deviation of the means.
(Note that the log-likelihoods are positive sin e most of the variables are ontinuous
and bounded within [0; 1℄, whi h implies that the models usually assign probability
densities greater than one to regions of the spa e ontaining most of the datapoints.
The probability distributions modeled by the networks are properly normalized, however.)
On the Bio dataset, our primary mix-net learner a hieved signi antly higher loglikelihood s ores than the other four model learners. The fa t that it signi antly
outperformed the independent mixture algorithm and the tree-learning algorithm
indi ates that it is e e tively utilizing relationships between variables, and that it
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in ludes useful relationships more omplex than mere pairwise dependen ies. The fa t
that its networks outperformed the pseudo-dis rete networks and the single-Gaussian
networks indi ates that the Gaussian mixture models used for the network nodes'
parameterizations helped the network a hieve mu h better predi tion than possible
with simpler parameterizations. Our primary mix-net learning algorithm took about
an hour and a half of CPU time on a 400 MHz Pentium II to generate its model for
ea h of the ten ross-validation splits for this dataset.
The mix-net learner similarly outperformed the other algorithms on the Astro
dataset. The algorithm took about three hours of CPU time to generate its model
for ea h of the ross-validation splits for this dataset.
As additional tests of the mix-nets' robustness, we onstru ted two syntheti
datasets from the Bio dataset. For the rst syntheti dataset, all real values in
the original dataset were dis retized in a manner identi al to the manner in whi h the
pseudo-dis rete networks dis retized them, with 16 bu kets per variable. (Out of the
many di erent numbers of bu kets we tried with the pseudo-dis rete networks, 16 was
the number that worked best on the Bio dataset.) Ea h dis retized value was then
translated ba k into a real value by sampling it uniformly from the orresponding
bu ket's range. The resulting syntheti dataset is similar in many respe ts to the
original dataset, but its probability densities are now omposed of pie ewise onstant
axis-aligned hyperboxes | pre isely the kind of distributions that the pseudo-dis rete
networks model. This syntheti dataset auses the pseudo-dis rete network learning algorithm to learn a network identi al to the network it learns from the original
dataset; the pseudo-dis rete network's test-set log-likelihood performan e on this syntheti dataset is also identi al to its test-set log-likelihood performan e on the original
data. However, we might expe t mix-nets to perform mu h worse than the pseudodis rete networks on this syntheti dataset, sin e the syntheti dataset's distributions
may be mu h harder to represent with mixtures of Gaussians. As it turns out, the
test-set performan e of mix-nets on this syntheti dataset is worse than the performan e of pseudo-dis rete networks, but not dramati ally so: the mix-net's average
test-set log-likelihood on the syntheti dataset drops down to 57600  200. This is
signi antly worse than the pseudo-dis rete networks' log-likelihood, whi h stayed at
59100  100, but this di eren e in s ores is not nearly as large as the di eren e on
the original dataset, where the mix-nets learly dominated.
For the se ond syntheti dataset, we generated 12,671 samples from the network
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learned by the Independent Mixtures algorithm during one of it ross-validation runs
on the Bio dataset. The test-set log-likelihood of the models learned by the Independent Mixtures algorithm on this dataset is 32580  60, while our primary mix-net
learning algorithm s ored a slightly worse 31960  80. However, the networks learned
by the mix-net learning algorithm did not a tually model any spurious dependenies between variables. The networks learned by the Independent Mixtures algorithm
were better only be ause the Independent Mixtures algorithm was given more time
to learn ea h of its Gaussian mixtures.

3.5 Possible appli ations for Mix-Nets
3.5.1 Classi ation
So far, we have only dis ussed learning mix-nets in situations where our obje tive
is to nd a network that a urately models the distribution over the entire set of
variables. What if our goal is to a urately predi t the distribution of one dis rete
target variable given the values of all the other variables in the domain? A network
learned by an algorithm optimized to a urately model the distribution over all the
variables is not likely to fare well ompared to networks learned by algorithms that
take the spe i predi tion task at hand into onsideration.
A simple, popular and e e tive type of lassi er, the Naive Bayes lassi er, assumes that the non-target variables are all independent of ea h other given the value
of the target variable. This orresponds to using a Bayesian network in whi h there
is an ar from the target variable to ea h non-target variable, but no ar s between
the non-target variables. The non-target variables are usually assumed to be dis rete;
however, ontinuous variables have been handled in the past by using Gaussians or
kernel density estimators for the onditional distributions of ontinuous variables (e.g.,
[JL95℄).
A re ently developed type of lassi er, Tree Augmented Naive Bayes
(TAN) [FGG97℄, augments the network stru ture of Naive Bayes with additional
ar s between the non-target variables, where ea h non-target variable is onditioned
on at most one other non-target variable. This lassi er has been extended to handle
ontinuous variables by representing ea h ontinuous variable in the network twi e:
on e in a dis retized form, and on e in a simple onditional parametri form [FGL98℄.
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Our greedy network-learning algorithm an easily be modi ed to learn mix-net
lassi ers similar in stru ture to TAN lassi ers. By raising our algorithm's MAXPARS parameter higher than 1, it an also be used to learn lassi ers with more
ompli ated network stru tures. The network stru ture-learning algorithm would
be very similar to the previously developed \Limited Dependen e Bayesian Classiers" algorithm [Sah96℄. The mix-nets' more exible parameterizations would allow
these lassi ers to model omplex intera tions between ontinuous and dis rete variables without requiring dis retization of the ontinuous variables. Furthermore, sin e
mix-nets an have dis rete variables onditioned on ontinuous variables, the same
network-learning algorithm an be used to learn networks for predi ting the onditional probability density of a ontinuous variable given the values of all the other
ontinuous and dis rete variables in the domain. (Using these models may be somewhat omputationally expensive, however, sin e the onditional distribution over the
target variable is not obviously expressible in losed form and one may have to resort
to sampling or numeri integration.)

3.5.2 Anomaly dete tion
One obvious appli ation for a urate joint probability models over large numbers of
dis rete and ontinuous variables is anomaly dete tion. The models an be used online
to help dete t the presen e of abnormally low-probability situations. Alternatively,
they an be used oine on the same datasets from whi h they are learned in order to
rank the datapoints by their log-likelihoods. If the learned models are a urate, the
datapoints assigned low log-likelihoods are probably unusual in reality as well. We
are urrently exploring the use of networks learned from astronomi al survey data
to automati ally sele t unusual astronomi al obje ts for further inspe tion by human
investigators [NCC+ 01℄.

3.5.3 Inferen e
While it is possible to perform exa t inferen e in some kinds of networks modeling
ontinuous values (e.g. [DM95℄, [Ala96℄), exa t inferen e in arbitrarily-stru tured mixnets with ontinuous variables may not be possible. However, inferen e in these
networks an be performed via sto hasti sampling methods. If we are given a mixture
table modeling P (X ; ~ ) and spe i values ~ for ~ , it is possible to ompute
i

i

i
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a onditional mixture table P (X j~ ). This onditional mixture table an then be
sampled straightforwardly. Thus, given a mix-net, we an easily employ likelihood
weighting to generate a set of weighted datapoints representing a sample from any
onditional distribution we desire. Whether likelihood weighting or other sampling
methods will yield a eptably a urate inferen e results in a reasonable amount of
time remains to be seen. Other approximate inferen e methods su h as dis retizationbased inferen e (e.g. [KK97℄) or variational inferen e (see e.g. [JGJS98℄) are also worth
investigating.
i

i

3.5.4 Data ompression
As dis ussed in Chapter 2, many popular and powerful methods for data ompression
su h as arithmeti oding rely on expli it probabilisti models of the data they are
ompressing; using automati ally learned Bayesian networks for these models an
result in ompression ratios dramati ally better than those a hievable by gzip or
bzip2, while maintaining megabyte per se ond de oding speeds. Can this approa h
be extended to real-valued data?
In order to ompress real-valued data, some loss of a ura y must usually be a epted | after the rst few signi ant gures, real values typi ally be ome impossible
to model as anything other than in ompressible random noise. Thus, the question is:
how mu h an the data be ompressed if we are willing to a ept some given average
loss of a ura y in the re onstru tion? Lossily ompressing values using a Gaussian
model is a well-studied problem (see, e.g. [Say96℄). How do we lossily ompress values oming from a mixture of Gaussians? One obvious approa h would be to en ode
ea h point as follows. First, we al ulate the likelihood with whi h it ame from ea h
Gaussian in the mixture. Suppose the maximum likelihood Gaussian is G . We then
en ode in our ompressed dataset the fa t that the next datapoint is generated by
G , and then en ode the datapoint using G as our model distribution.
Unfortunately, this method of oding is suboptimal when the Gaussians overlap.
However, it is possible for an algorithm to e e tively re over the bits wasted in this
manner by using a lever \bits-ba k" method to en ode some extra \side information"
in the hoi e of whi h Gaussian gets used for the en oding [Fre98℄. For example,
if two Gaussians are almost equally likely to have generated the data, then we an
e e tively transmit about one bit's worth of information (about some other datapoint,
for example) \for free" in our hoi e of whi h of the two Gaussians we use, rather
m

m

m

53

than always simply pi king the Gaussian with the slightly higher likelihood.
Automati ally learned mix-nets may be a reasonably e e tive model lass with
whi h to ompress large datasets ontaining both ontinuous and dis rete values.
However, in Chapter 4, we will explore a di erent set of models that appear even
more suitable.

3.6 Con lusions, Related Work, and Possible Extensions
We have des ribed a pra ti al method for learning Bayesian networks apable of
modeling omplex intera tions between many ontinuous and dis rete variables, and
have provided experimental results showing that the method is both feasible and
e e tive on s ienti data with dozens of variables. The networks learned by this
algorithm and related algorithms show onsiderable potential for many important
appli ations. However, there are many ways in whi h our method an be improved
upon. We now brie y dis uss a few of the more obvious possibilities for improvement.
The mixture tables in our network in lude a ertain degree of redundan y, sin e
the mixture table for ea h variable models the joint probability of that variable with
its parents rather than just the onditional probability of that variable given its parents. For example, onsider a ompletely onne ted network ontaining N ontinuous
variables in whi h the joint probability of ea h variable and its parents is modeled as
a single multidimensional Gaussian. In this ase our network will have O(N 3) parameters, despite the fa t that the overall distribution modeled by the network is a tually
just a single multidimensional Gaussian representable with O(N 2) parameters. This
wastes memory and omputational time. Perhaps more importantly, the larger number of parameters may ause a network-learning algorithm to favor a simpler model
with fewer parameters, even if there is enough data to justify the O(N 2) parameters
that would be used by a single multidimensional Gaussian. Naturally, it is possible to eliminate this redundan y in the spe ial ase of single-Gaussian mixtures by
falling ba k to a representation in whi h ea h variable is modeled as a linear fun tion
of its parent variables plus Gaussian noise. Some other te hniques have also been
developed for omputing nonredundant parameterizations of Bayesian networks with
embedded joint distributions [HM97a℄. However, we know of none that are obviously
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pra ti ally appli able to the type of model employed in this hapter. Another possible
approa h is to simply drop the use of parameter- ounting s ore metri s and instead
rely on other methods su h as ross-validation in order to ontrol the omplexity of
the model. This is the approa h we will take in Chapter 4.
Throughout this hapter we have only developed and experimented with variations
of one parti ular network stru ture-learning algorithm. There is a wide variety of
stru ture-learning algorithms for dis rete Bayesian networks (see, e.g., [CH92℄, [LB94℄,
[HGC95℄, and [FNP99℄), many of whi h ould be employed when learning mix-nets.
The qui ker and dirtier of these algorithms might be appli able dire tly to learning
mix-net stru tures. The more time- onsuming algorithms su h as hill limbing an be
used to learn Bayesian networks on dis retized versions of the datasets; the resulting
networks may then be used as hints for whi h sets of dependen ies might be worth
trying in a mix-net. Su h approa hes have previously been shown to work well on
real datasets [MC98b℄. In Chapter 4 we will explore this issue further, albeit in
onjun tion with di erent types of onditional distributions than the ones employed
in this hapter.
While the a elerated EM algorithm we use to learn Gaussians mixtures is very
fast for low-dimensional mixtures and omes up with fairly a urate models, its e e tiveness de reases dramati ally as the number of variables in the mixture in reases.
This is the primary reason we have not yet attempted to learn mixture networks with
more than four variables per mixture. Further resear h is urrently being ondu ted
on alternate data stru tures and algorithms whi h with to a elerate EM in the hopes
that they will s ale more gra efully to higher dimensions (e.g. [Moo00℄).
Other methods for a elerating EM have also been developed in the past, some
of whi h might be used in our Bayesian network-learning algorithm instead of or in
addition to the a elerated EM algorithm employed in this hapter. The EM algorithm an be viewed as maximizing a single fun tion whose lo al maxima orrespond
to lo al maxima of the likelihood fun tion; the E step in reases this fun tion by adjusting the datapoints' estimated lass distributions, and the M step in reases it by
adjusting the model parameters. This view justi es many variants of EM that may
provide faster onvergen e [NH98℄.
Another approa h to a elerating the EM algorithm for Gaussian mixture models
is to take a single pass through the dataset while heuristi ally maintaining in memory
a limited-size bu er of datapoints whose lass memberships are independently un er55

tain, and a set of summary statisti s for the other datapoints [BFR98℄. This method
would not provide the same drasti speed improvements provided by our urrently employed a eleration method if used on low-dimensional datasets that t ompletely
in memory. However, it may s ale more gra efully to very large high-dimensional
datasets. Exploiting this alternative a eleration method might allow us to learn
mix-nets with more parents per variable. This alternative a eleration method ould
also simply be used to learn a Gaussian mixture over the entire set of ontinuous variables. We suspe t that simple Gaussian mixtures in very large-dimensional spa es will
frequently not perform as well as fa torized models su h as the ones employed here.
However, omparative experiments testing this hypothesis on real datasets would be
useful. Some preliminary experiments in Se tion 4.8.7 are performed in whi h global
mixture models are ompared to the Bayesian network-based models des ribed in the
next hapter.
Our urrent method of handling dis rete variables does not deal very well with
dis rete variables that an take on many possible values, or with ombinations involving many dis rete variables. Better methods of dealing with these situations are
also grounds for further resear h. One possibility would be to use mixture models
in whi h the hidden lass variable determining whi h Gaussian ea h datapoint's ontinuous values ome from also determines distributions over the datapoint's dis rete
values, where ea h dis rete value is assumed to be onditionally independent of the
others given the lass variable. Su h an approa h has been used previously in AutoClass [CS96℄. The EM a eleration algorithm exploited in this hapter would have
to be generalized to handle this lass of models, however. Another possibility would
be to use de ision trees over the dis rete variables rather than full lookup tables, a
te hnique previously explored for Bayesian networks over dis rete domains [FG96b℄.
In Chapter 4, we will examine related approa hes that handle ontinuous variables as
well.
The Gaussian mixture learning algorithm we urrently employ attempts to nd a
mixture maximizing the joint likelihood of all the variables in the mixture rather than
a onditional likelihood. Sin e the mixtures are a tually used to ompute onditional
probabilities, some of their representational power may be used ineÆ iently. The
EM algorithm has re ently been generalized to learn joint distributions spe i ally
optimized for being used onditionally [JP99℄. If this modi ed EM algorithm an
be a elerated in a manner similar to our urrent a elerated EM algorithm, it may
result in signi antly more a urate networks.
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Finally, further omparisons with alternative methods for modeling distributions
over ontinuous variables in Bayesian networks are warranted (e.g. [HT95℄, [FN00℄).
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Chapter 4
Interpolating Conditional Density
Trees

4.1 Introdu tion
While the Gaussian mixture-based algorithms in the previous hapter appear fairly
e e tive at learning omplex onditional distributions in a reasonable amount of time,
the learning algorithm is still quite time- onsuming on large datasets with many variables. Furthermore, evaluating the resulting distributions at spe i ed points is also
time- onsuming, sin e ea h point requires the evaluation of many Gaussians. Approximations similar to those used by the a elerated EM algorithm used to learn the
models [Moo99℄ might on eivably allow us to ut down on the number of Gaussians
evaluated per point, but these approximations themselves are expensive to ompute
on a datapoint-by-datapoint basis.
Tree-based models of onditional probability distributions have histori ally been
very popular within the ma hine learning ommunity for lassi ation and regression
tasks (e.g. [Qui86℄, [BFOS84℄). They an be reasonably qui k to learn, are qui k to
evaluate, and an be fairly a urate as well. In both lassi ation and regression
trees, a given tree is used to predi t the value of some output (or \ hild") variable X
given a set of input (or \parent") variables ~ ; in lassi ation trees X is a dis rete
variable, while in regression trees X is ontinuous. In both kinds of trees, ea h bran h
node orresponds to a test applied to one or more variables in ~ , and ea h of the
bran h's hild nodes orresponds to one of the mutually ex lusive results of this test.
i
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Figure 4.1: An example of a onditional density tree (or lassif ation tree) for predi ting the distribution of a binary variable X as a fun tion of several other variables.
For example, one bran h node might test a dis rete variable X 2 ~ and have one
hild for ea h possible value of X ; another bran h in the same tree might test a
ontinuous variable X 2 ~ and have one hild orresponding to X  b and another
hild for X > b for some threshold b. Ea h leaf l of the tree ontains a predi tion
for the value of X ; depending on the task, the leaf's predi tion may simply be the
most likely value of X , or it may be a probability distribution over X . In the latter
ase, if X is dis rete, this distribution is typi ally a multinomial model with one
probability for ea h of X 's possible values. (~ are ignored on e the leaf is rea hed.)
If X is ontinuous, the onditional distribution within a leaf is typi ally assumed to
be a Gaussian whose mean is a either a linear fun tion of ~ or simply a onstant.
Figure 4.1 shows an example lassi ation tree in whi h the distribution of a binary
variable X is predi ted as a fun tion of several other variables, some of whi h are
dis rete (the Q's) and some of whi h are ontinuous (the C's). To nd the distribution
of X , the predi tion algorithm simply starts at the root of the tree (shown at the top
of our diagram) and follows a path down the tree's bran hes a ording to the values
of the other variables until it rea hes a leaf. For example, if the ontinuous variable
C4 is less than .5, and the ternary dis rete variable Q1 has a value of 1, then the
algorithm would predi t that X has a 30% han e of taking on its rst possible value
and a 70% han e of its se ond.
Throughout the following dis ussion, we will often refer to the onstraints asso iated with a given node of the tree. These onstraints are simply the set of pre onditions imposed on the node by all its an estors in the tree. For example, onsider the
leaf in Figure 4.1 in whi h X 's estimated distribution is (:1; :9). The set of onstraints
asso iated with this leaf is fC4 < :2; Q3 = 1g. Similarly, the bran h node testing Q1
has the onstraint set fC4 < :5g.
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In addition to onventional lassi ation and regression tasks, tree-based onditional density estimators have also been used for the onditional distributions within
Bayesian networks for dis rete variables [FG96b℄. Tree-based approximations of previously known joint probability distributions over sets of variables S~ (some variables
of whi h may be ontinuous) have also been used in the past in order to perform inferen e in graphi al models [KK97℄. In su h trees, the density P (S~ ) modelled within
ea h leaf l is a onstant.
In this hapter we examine several aspe ts of tree-based density estimators, with
an emphasis on using them to obtain the onditional distributions required for Bayesian
networks. First, we dis uss learning algorithms for density trees modelling joint distributions P (S~ ). Se tion 4.2 des ribes several possible types of distributions to use
in the leaves of these density trees. In Se tion 4.3 we dis uss the riteria we use
to evaluate density trees with di erent bran hing stru tures, and in Se tion 4.4 we
dis uss algorithms for attempting to grow trees maximizing this riteria, in luding
methods for hoosing bran h variables (Se tion 4.4.1), hoosing the threshold values
for bran hes on ontinuous variables (Se tion 4.4.2), and hoosing when to stop growing the tree (Se tion 4.4.3). We also dis uss the simple parameter-smoothing method
we use to prevent poor performan e on previously unseen data (Se tion 4.4.4).
Se tion 4.5 des ribes learning algorithms for density trees modelling onditional
distributions P (X j~ ). Se tion 4.5.1 des ribes strati ed onditional density trees, in
whi h the desired onditional distribution is learned dire tly. These density trees are
omputationally expensive to learn, but fast to evaluate. In Se tion 4.5.2 we dis uss
how to take density trees learned to model joint distributions P (X ; ~ ) and use them
to ompute onditional probabilities P (X j~ ). Evaluating these onditional probabilities an be somewhat omputationally expensive; however, joint density trees are
easier to learn than strati ed onditional density trees, and | somehat surprisingly
| are often more a urate for onditional density estimation than strati ed onditional density trees are, despite the fa t that they are optimized for modelling the
joint distribution rather than the onditional distribution. We then des ribe a way to
transform joint density trees and evaluate them approximately. The resulting density
estimator e e tively ombines the fast, a urate learning of joint density trees with
the fast evaluation of strati ed onditional density trees.
In Se tion 4.6 we des ribe a stru ture-learning algorithm for Bayesian networks
generalizing the algorithm used in Se tion 3.3. Se tion 4.7 des ribes a method for
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improving the performan e of density tree algorithms on distributions with sharp features in their marginal distributions. In Se tion 4.8 we perform an extensive set of experiments evaluating the algorithms proposed throughout previous se tions. Finally,
in Se tion 4.9 we dis uss related work and dire tions for further possible resear h.

4.2 Joint density estimators for density tree leaves
First, we des ribe several di erent types of density estimators P (S~ ) for use within
the leaves of tree-based joint density models. We on entrate primarily on varying
methods of handling the ontinuous variables C~  S~ . The dis rete variables Q~  S~
are handled identi ally throughout all ases examined here. Namely, within a given
leaf l, ea h dis rete variable is assumed to be independent of all other dis rete and
ontinuous variables:
P (S~ ) = P (C~ )
P (Q ):
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In joint density trees where any given set of assignments S~ = s~ is onsistent with
a single leaf l, P (S~ ) may be rewritten as follows:
P (S~ ) = P (l0 )P (S~ jl0 ) = P (l)P (S~ jl)
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where the sum ollapses be ause P (S~ jl0 ) = 0 for all l0 not equal to l, the unique leaf
onsistent with the parti ular values of S~ ; P (l) is an estimate of the probability that
any parti ular datapoint will be onsistent with all the onstraints imposed by the
an estor bran hes of l; and P (S~ jl) is a onditional distribution over S~ given that
S~ is onsistent with l's onstraints. This means that in order to learn the density
estimator P (S~ ) that is used for all datapoints S~ = s~ onsistent with a given leaf l's
onstraints, we an simply learn a density model P (S~ jl) over the spa e of possibilities
onsitent with l by estimating it from all data onsistent with l, and then s aling the
probabilities returned by this model by our estimate of P (l).
Thus, all leaf distributions we examine in this thesis may be written as:
P (S~ ) = P (l)P (C~ jl)
P (Q jl ):
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We will also restri t our attention to trees in whi h ea h bran h node tests exa tly
one variable. If the variable tested is dis rete, the bran h simply has one hild node
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for every possible value of that variable. If the variable X tested is ontinuous, the
bran h spe i es a threshold value b and has two hildren orresponding to X  b
and X > b. Furthermore, we assume that we have some a priori bounds on the
minimum and maximum possible values of all ontinuous variables. (This assumption
will be dis ussed in more detail shortly.) That is, we assume all ontinuous values are
restri ted within some known hyper ube. Together with the previous onstraint on
the form of bran hes allowed on ontinuous variables, this implies that the spa e of
possible values for C onsistent with any given leaf in the tree is also a hyper ube.
We now dis uss several possible estimators for P (C~ jl). In addition to des ribing
how these joint distributions are learned and evaluated, we will also des ribe how to
use them onditionally (that is, how to al ulate P (X j~ ; l)) in the ases where the
variables in C~ are not modelled independently within ea h leaf.
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4.2.1 Constant leaf densities
This density estimator for P (C~ jl) is very straightforward: namely, we assume a
onstant density
1
P (C~ jl) =
V olume (l)
l
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l
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C

where V olume i (l) is the volume of l's bounding box over the ontinuous variables
C~ , as determined by the onstraints imposed upon l by its an estors in the tree.
Sin e this box is simply an axis-aligned hyper ube, its volume is trivial to ompute.
Density trees using onstant-leaf densities are fast to learn; however, as our experimental results will show, density trees employing other leaf distributions are usually
more a urate.
~
C

i

4.2.2 Gaussian leaf densities

Axis-aligned (diagonal ovarian e)
This density estimator for P (C~ jl) assumes that the distribution of ea h variable
X 2 C~ is proportional to a Gaussian and independent of all other variables. We
renormalize the distribution of ea h variable so its integral over the range [x0 ; x1℄ of
l

k

i

i
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l is 1:

Pl (C~ i jl) =

where

=

k

Y

2

~i
Xk C

1
x0

Rx

exp

k

exp



(X

(

k

k ) 2

)

2 2
k

1



(xk k )2 dx
k
2k2

:

When learning a leaf distribution, ea h parameter  and  is simply set to the
maximum-likelihood value for an untrun ated Gaussian:
1 x;
1 (x  )2
 =
 =
R
R
k

R
X

k

j

=1

R
X

j
k

k

j

k

j
k

=1

k

where x is the value that datapoint j assigns to X and R is the number of datapoints.
The 's are then omputed using routines for evaluating the error fun tion (see,
e.g. [PTVF92℄).
A aveat: this is not the same as tting the best possible trun ated and renormalized Gaussian to the data. For example, a uniform distribution ould be tted
perfe tly in the limit by letting the varian e go to in nity and setting the renormalizing onstant to orrespondingly smaller and smaller numbers. The pro edure
outlined above will obviously fail to t this distribution orre tly, sin e any ovarian e
omputed from the data will ne essarily be nite. Unfortunately, tting the optimal
trun ated and renormalized Gaussian presents a more ompli ated (albeit still only
two-dimensional) optimization problem.
j
k

k

k

Full ovarian e / linear regression
This density estimator for P (C~ jl) assumes C~ is distributed a ording to a multidimensional Gaussian with a full ovarian e matrix:
1 exp 1 (C~ ~)  1 (C~ ~)
P (C~ jl) =
2
(2) 2d jj 21
l

i

i





l

T

i

i

i

where d is the number of variables in C~ ,  is the ve tor of means and  is the
ovarian e matrix. As in the axis-aligned ase, the mean and ovarian e are set to
their maximum-likelihood values
1 ~;
 = 1 ( ~ )( ~ ) :
~ =
i

R
X

R j =1

i

R
X

j

R j =1
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j

j

T

In ases where we wish to estimate a onditional distribution P (X jC~i ; l) from
the joint P (C~ ; jl), we an use the following relationship. Assume  is nonsingular;
let K denote its inverse  1 . Without loss of generality, assume the mean ve tor, the
ovarian e matrix, and the inverse of the ovarian e matrix are partitioned as follows:
l

l

i

i

0

~ = 

Xi
~~i

1
A

0

  
; =
  


1

Xi ~ i A

Xi Xi

~ i Xi

~ i ~i

0

K K 
;K =
K K 
Xi Xi



~i Xi

1

Xi ~ i A
~i ~i

(To keep the notation from getting overly omplex, we temporarily assume there are
no dis rete parent variables and thus ~ = C~i . Sin e dis rete variables are modelled
independently of the ontinuous variables, they have no e e t on the onditional
distributions over the ontinuous variables within a leaf.) We an then break the
joint Gaussian into three parts: a Gaussian distribution over the parent variables, a
linear transformation that maps an assignment of the parent variables' values to a
onditional mean on the hild variables, and a ovarian e matrix for the onditional
distribution of the hild variables. The Gaussian distribution over the parent variables
simply has mean ~i and ovarian e i . The onditional distribution of X given
~ has the following mean  iji and ovarian e  iji :
i

~

~

i

X

i

~

~

X

Xi j~i = Xi + Xi ~i (~i ~i ) 1 (~ i



~~i );

j

Xi ~i

= (K

Xi Xi

) 1:

(This is a well-known result; see e.g. [Lau96℄ for a sket h of the derivation.) Note that
when the joint Gaussian's parameters are set to their maximum-likelihood values,
the onditional distribution obtained from the above equations is identi al to the
onditional distribution we would have obtained with linear regression.
Unlike the density estimator we use in the axis-aligned ase, we do not guarantee
that the estimated joint distribution integrates to 1 over the bounds of the leaf, sin e
evaluating this integral is diÆ ult. (Maximizing the log-likelihood of the distribution
while taking trun ation and renormalization dire tly into a ount would be even
more diÆ ult.) However, when estimating P (X j~ ; l) for a single target variable
X and a spe i  using the equation above, we renormalize the resulting Gaussian
distribution over X so it does integrate to 1 over X 's range in l. When using a density
tree that models a joint distribution P (X ; ~ ) in order to ompute a onditional
distribution P (X j~ ), as we will dis uss in Se tion 4.5.2, we also need P (~ jl) in
order to ompute P (lj~ ). While we do not guarantee in this ase that P (~ jl) is
normalized, it is still easy to guarantee that the resulting estimates for P (Lj~ ) are
l
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normalized a ross the set of leaves L:

P (l)P (~ ijl)
P (lj~ i) = P
0 ~ 0 :
l P (l )P (jl )
onditional distribution P (Xij~ i) is then a normalized weighted sum
onditional distributions Pl(Xij~i ; l), the nal onditional distribution
0

Sin e the nal
of normalized
is normalized as well.
Gaussians (with either diagonal or nondiagonal ovarian e matri es) are one of
the most ommonly used parametri models for ontinuous probability distributions.
They make a sensible hoi e for the leaf distributions of simple CART-like trees
that do not bran h on the variable being modeled. However, in trees that bran h
on the variables being modeled, they an be less e e tive than other types of leaf
distributions. The distribution modeled in every Gaussian leaf will have a \bump"
in it at the Gaussian's mean, whi h must lie somewhere inside the leaf's boundaries
(assuming a more ompli ated tting me hanism that takes trun ation into a ount
is not being employed). In reasing the resolution of the tree in reases the number of
bumps, making it impossible to a urately model arbitrary smooth distributions even
in the limit of in nite data. The other leaf distributions dis ussed in this thesis are
apable of representing uniform distributions as a spe ial ase, and therefore do not
su er from this problem.

4.2.3 Exponential leaf densities
In a leaf of this type, ea h ontinuous variable is modeled independently with an
exponential distribution that is trun ated to the leaf's range and renormalized. Let
X be one su h variable urrently in onsideration. If X 's range in a leaf l is [x ; x ℄,
then P (xjl) = be , where
1 =
a
:
b= r
l

r

ax

l

Rx
xl

eaxr

eax dx

eaxl

Given the data D falling in leaf l, we wish to set a to maximize the total loglikelihood of the data. For simpli ity of exposition, we assume without loss of generality that [x ; x ℄ = [0; 1℄. If x is the value that datapoint j assigns to X , then the
total log-likelihood of the data (restri ted to variable X ) is
l

r

j

LL(D)

=

X

j

log e a 1 e


axj

a
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= R(ax + log a log(e

a

1));

where R is the total number of datapoints and x is the mean value of X a ording to
the data. Setting the derivative of this log-likelihood to zero gives us
(e

a

1)(1 + xa) ae = 0:
a

This equation an be solved for x in losed form:
ae e + 1
x =
a

aea

a

a

= a1 + 12 oth a2 + 12 ;
where oth is the hyperboli otangent. (The latter form makes it slightly more lear
that the fun tion is antisymmetri around (0; 21 ).) Unfortunately, this relationship
between x and a is not easily invertible. However, for a given value of x, we an use
Newton's method to nd the a for whi h the derivative of the log-likelihood is zero.
Arbitrary initial hoi es for a an ause Newton's method to diverge on this problem.
For x lose to 0, the orre t value for a is approximately 1 ; in pra ti e, hoosing
1 as an initial guess for Newton's method appears to work for the range 0 < x  :5.

To handle x > :5, we use the relationship a(x) = a(1 x).
This tells us how to nd the maximum-likelihood estimate for a when the leaf's
range is [0; 1℄. To nd it for a di erent range [x ; x ℄, we simply res ale the leaf's
range to [0; 1℄, res ale x similarly, nd the appropriate value for a in this range, and
then divide this a by x x .
The fa t that x is all that is required to optimally t the trun ated and renormalized exponential distribution makes it signi antly simpler and faster to learn
than the linearly interpolated probability densities dis ussed in se tion 4.2.4. However, while the estimated density within a leaf is nearly linear when x is lose to the
enter of the leaf, it is extremely nonlinear when x is very lose to one of the leaf's
boundaries, as seen in Figure 4.2. Our experimental results will reveal that density
trees employing exponential-distribution leaves an sometimes be even less a urate
than ones using onstant-distribution leaves due to ertain properties the exponential
distribution exhibits in these extreme ases.
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l
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r

Figure 4.2: Trun ated and renormalized exponential distributions for (from left to
right) x = :5; x = :45; x = :2; and x = :01. Ea h distribution's range is [0, 1℄; the
density for x = :5 is the onstant 1.

4.2.4 Linear leaf densities
In a leaf l of this type, ea h ontinuous variable is modeled independently with a
density that hanges linearly a ross the bounds of the leaf. Let X be one su h
variable under onsideration. Without loss of generality, assume X 's range over l
is [0; 1℄. (Other ranges an be handled by s aling all data to [0; 1℄ before parameter
estimation and adjusting the resulting estimated parameters straightforwardly.) Then
P (xjl) = (1 x)a0 + xa1 , where a0 and a1 are the estimated densities at X = 0 and
X = 1 respe tively. The integral of this distribution over [0; 1℄ is 0 +2 1 , so a0 is
onstrained to 2 a1.
Given the data D falling in leaf l, we wish to set a1 to maximize the total loglikelihood of the data:
l

a

LL(D) =

X

j

a

log(a1 x + (2 a1 )(1 x )):
j

j

Cal ulating the derivative with respe t to a1 and setting it to zero gives us
2x 1
(2x 1)a1 + (2 2x ) = 0;
j

X

j

j

j

or equivalently
(2x

X

j

j

1)

Y

: 6=

kk j

((2x

1)a1 + (2 2x )) = 0:

k

j

Solving this equation dire tly would apparently involve nding the roots of an
R -degree polynomial, where R is the number of datapoints in D. In some ases, it
th
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P(X | Z=z0)

P(X | Z=z1)

2

1

0

1
X

Figure 4.3: The distributions P (X jZ ) of the two unobserved lasses Z = z0 and
Z = z1 used to model linear interpolation.
may have no real solution, sin e the above equation does not take into a ount the
onstraint that a0 and a1 must both be nonnegative; in these situations, the optimum
estimator is obtained by setting a0 to 0 and a1 to 2, or vi e-versa. (For example, this
o urs any time all of the training data lies in the region X < :5.)
Another way of viewing this density estimator is to assume the existen e of an
unobserved \ lass" variable Z that determines whi h of two distributions P (X jZ =
z0 ) and P (X jZ = z1 ) ea h datapoint is generated from, where P (xjz0 ) is simply 2 2x
and P (xjz1) is 2x. (See Figure 4.3.) Maximizing the log-likelihood then boils down
to nding the distribution P (Z ) that maximizes
LL(D) =

X

j

log

X

z

P (Z = z )P (xj jZ = z ):

It is easy to prove that this log-likelihood has at most one distin t lo al maximum
with respe t to P (Z ) by using the fa t that the logarithmi fun tion is on ave. Any
lo al optimization routine apable of handling the onstraints on P (Z ) (namely, that
P (z ) = 1 and ea h P (z ) must be in [0; 1℄) an be used for this optimization problem. For this parti ular density estimator, the optimization is only one-dimensional,
sin e there are only two possible values for the lass variable, so we ould use any
of a wide variety of line-sear h methods. However, in se tion 4.2.5, we will onsider
similar density estimators in whi h the hidden lass variable an take on many more
values, thus requiring optimizations over higher-dimensional spa es.
In su h higher-dimensional spa es, the Expe tation Maximization or EM algoP

z
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rithm [DLR77℄ is a simple method for

nding distribution parameters that optimize
the log-likelihood of data in whi h some variables are not always observed. The algorithm is an iterative algorithm with two steps per iteration. The Expe tation or
\E" step al ulates an expe ted distribution over the unobserved variables given the
observed variables and the urrent estimates for the distribution's parameters. The
Maximization or \M" step then re-estimates the distribution parameters to maximize
the likelihood of both the observed data and the unobserved variables, assuming the
unobserved variables are distributed a ording to the expe ted values al ulated in
the previous E step.
For the optimization problem under onsideration here, we start with an initial
guess P0(Z ) and iteratively generate better estimates P1(Z ); P2(Z ); : : : as follows:

 E step: for ea h datapoint j and ea h possible hidden variable value z for that
datapoint, al ulate P (z jx ) = P (x jz )P (z ), where = k P (x jz )P (z ).
 M step: for ea h possible value z assigned to Z , al ulate P +1 (z ) = =1 P (z jx ).
k
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k
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Sin e the log-likelihood fun tion has only one lo al maxima, we expe t the hoi e
of P0 (Z ) to have little e e t on the nal out ome. A natural hoi e is the uniform
distribution. The algorithm an be terminated when the in rease in log-likelihood
between iterations be omes lower than a spe i ed threshold, or terminated after some
xed number of iterations.
It is not diÆ ult to prove that ea h iteration of the EM algorithm in reases the
log-likelihood of the data, or at least does not de rease it [DLR77℄. Proving that
the algorithm a tually onverges to a lo al maxima of the log-likelihood fun tion is
more involved (again, see [DLR77℄ for des riptions of the ne essary onditions), but
in pra ti e it is rare for the algorithm to do otherwise.
Sin e all the P (x jz )'s in this parti ular lass of density estimator are xed,
they an be pre omputed and a hed before EM iterations are started. Furthermore,
for any given leaf in the density tree, there is only one parameter that needs to be
estimated for ea h ontinuous variable. In the early stages of the tree-growing pro ess,
there will typi ally be many more datapoints per leaf than are ne essary to estimate
this parameter to a reasonable level of a ura y, and the ost per EM iteration s ales
linearly with the number of datapoints used. Therefore, if there are more than some
number Rmax of datapoints mapped to the leaf, we randomly sample Rmax of them
j

k

70

j

(without repla ement) and use only those datapoints while determining the leaf's
distribution parameters.
Density trees using independent linear interpolations take somewhat longer to
learn than those using exponential distributions, but ea h leaf still only requires
one independent parameter per ontinuous variable being modeled. Furthermore,
our experimental results will show that they are typi ally more a urate than trees
employing exponential distributions.

4.2.5 Multilinear leaf densities
In a leaf l of this type, the density of all ontinuous variables C~ is modeled jointly
rather than independently. Similarly to how ea h individual variable was handled
in the previous se tion, the joint distribution over C~ an be expressed as a mixture
model with hidden lass variable Z :
i

i

X
Pl (C~ i ) = P (z k )P (C~ i jz k )

zk

where ea h lass distribution P (C~ jz ) is xed. Now, however, there are 2 di erent
possible values for the lass variable, where d is the number of variables in C~ . Ea h
of these values orresponds to one of the 2 orners of the d-dimensional hyper ube
representing the leaf's bounds. As before, for the purposes of exposition we assume
without loss of generality that these bounds are [0; 1℄ . For a given value z of Z for
whi h the orresponding oordinates in f0; 1g are (y1 ; y2 ; : : : ; y ) ,
i

k

d
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d

d

d

P (C~ i = ( 1 ; 2 ; : : : ;
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) jz ) = 2
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Figure 4.4 shows an example al ulation of su h a P (C~ jZ ).
As in the previous se tion, we pre ompute all P (x jz )'s and then use the EM
algorithm to adjust P (Z ) towards the distribution maximizing the likelihood of the
data.
It might appear at rst glan e that evaluating P (C~ ) takes (d2 ) time, sin e it
involves a sum over 2 addends ea h of whi h is produ t of d multipli ands. However,
with a bit of additional programming omplexity, we ompute ea h produ t in amortized onstant time by reusing the produ t of the multipli ands it has in ommon
with the previously omputed produ t. This redu es the evaluation time to (2 ).
i
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d
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1
z2

z3

.3
(.4, .7)
.4

C1

P(.4, .7 | z2 ) =
4*(1-|0-.4|)*(1-|1-.7|)
=4*.6*.7=1.68

z0

z1

0

1

C0

Figure 4.4: An example al ulation of P (C0 = :4; C1 = :7jZ = z2 ), where z2 is the
hidden lass value orresponding to the orner (C0 = 0; C1 = 1).
In order to evaluate a onditional probability P (X j~ ) (where we on e again
ignore the possibile existen e of dis rete variables in ~ in order to simplify the notation), we may use the equation
l

i

i

i

P (X = xi ; ~ i ) Pl (X = xi ; ~ i )
=
Pl (xi j~ i ) = l
Pl (~ i )
Pl (Xi = 0:5; ~ i )

where the latter equation holds be ause integrating out X results in a multilinear
interpolation over ~ in whi h ea h orner's density is an average of the densities of
the two orners in the original interpolation that have the same oordinates for ~ .
This same averaging an be a hieved by simply setting X = :5 in the original joint
distribution.
This is not ne essarily the most eÆ ient way to ompute P (X j~ ), but it does
lead to a potentially interesting observation. Suppose that rather than maximizing
the log-likelihood of the joint P (X ; ~ ), we wished to maximizine the onditional
log-likelihood P (X j~ ). This onditional log-likelihood an be written as the joint
log-likelihood of the data minus the joint log-likelihood of a phantom dataset in
whi h ea h value for X is repla ed with 0.5. Thus, many optimization algorithms
one might use to maximize the joint log-likelihood an be applied straightforwardly
to maximizing the onditional log-likelihood, as long as the algorithms are apable
i

i

i

i

l

l

l

i

i

i

i

i
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i

i

of handling datapoints with \negative weight." EM would probably fail if used in
this manner, sin e it is un lear what would keep it from assigning negative values to
some P (Z )'s. Other optimization algorithms that have been adjusted to take P (Z )'s
onstraints into a ount (for example, gradient-based methods employing \softmax"
hanges of variables [Bri90℄) might be usable.
As in se tion 4.2.4, when tting P (Z ) for a given leaf, we restri t the number of
datapoints used for the t in order to in rease omputational eÆ ien y. However,
sin e the number of parameters required for multilinear interpolation s ales with 2 ,
we s ale the number of datapoints used with 2 as well.
Our experimental results will show that multlinearly interpolated leaf distributions
typi ally provide the most a urate density estimation. However, the a ura y is not
too mu h greater than that provided by using one independent linear interpolation per
variable per leaf, and it does ome at onsiderable additional omputational expense.
d

d

4.3 Tree evaluation riteria
Now that we have dis ussed several possible types of density estimators we might
wish to use in the leaves of density trees, we move on to dis ussing di erent methods
for determining density tree stru tures. This immediately raises the question of how
we will evaluate two di erent density trees or subtrees in order to determine whi h is
\better". Even if we know the exa t distribution P (X~ ) from whi h the nite dataset
given to the density estimator had been generated, there are many possible riteria
we ould use to measure the quality of the resulting estimated distribution P^ . For
example, in the statisti al literature it is ommon to use the integrated squared error
[P^ (~x) P (~x)℄2d~x:
Other possibilities in lude the L1 norm
sup jP^ (~x) P (~x)j;
Z

the L1 norm

~
x

Z

jP^ (~x) P (~x)jd~x;
and the Kullba k-Leibler divergen e
P (~x)
D(P jjP^ ) = P (~x) log ^ d~x
P (~x)
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Z

=
where

H (P (X~ ))

~ )) =
H (P (X

Z

Z

P (~x) log P^ (~x)d~x;

P (~x) log P (~x)d~x

is the entropy of the true distrubution P (X~ ). Sin e H (P (X~ )) is onstant when omparing di erent estimates P^ (X~ ), minimizing the Kullba k-Leibler divergen e between
P^ and P is the same as maximizing
P (~x) log P^ (~x)d~x;
Z

whi h is simply the average log-likelihood we would expe t P^ (X~ ) to assign to a point
randomly generated from the true distribution P (X~ ).
Be ause we will generally not know the true distribution P (X~ ) from whi h the
original data was generated, we approximate this average log-likelihood by evaluting
it over a nite set of \holdout" datapoints that were not used to t the model P^ (X~ )
under onsideration. In the limit as the size of the holdout set approa hes in nity, the
density estimator sele ted via this average log-likelihood riterion is the most likely
hypothesis as to P (X~ )'s form out of all the forms evaluated. Furthermore, it also
has the property that it is the best model with whi h to ompress data generated
randomly from P (X~ ) in the limit that an in nite amount of pre ision is required for
ea h oded value of X~ . Sin e this thesis is fo ussed partially on potential appli ations
to ompression problems, this makes it a natural riterion for us to use.
There are a few aveats, however. Many real-life probability densities are in nite
at ertain points. For example, a supposedly \ ontinuous" value might a tually be
quantized so that it always exa tly takes on one of 1024 values. The density at ea h
of these points is then a delta fun tion; at all other points it is zero. Alternatively, a
sensor may \ lip" data so that all input past a ertain range is mapped pre isely to
some maximum representable output; the output variable's density at this maximum
will also be a delta fun tion. In su h situations, log-likelihood is largely a meaningless measure. The relative log-likelihoods of two di erent density estimators will be
determined almost wholly by exa tly how they handle the data lying in these regions
of in nite density. Fair omparisons between di erent density estimation methods
on su h data would require ensuring that they handled these points in an essentially
identi al fashion | a tedious and rather diÆ ult task. When using density estimates
to ompress real-valued data, we normally only are about a nite level of pre ision
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and disregard all but the rst few signi ant gures of the data; thus, we ould oneivably alter all the density estimators examined to take this nite pre ision into
a ount and then ompare the number of bits required to en ode a given level of
a ura y using the resulting models. However, again, doing so and ensuring that it's
done fairly would be tedious and diÆ ult, sin e most density learning algorithms have
not been designed with that parti ular task in mind. Therefore, for the purposes of
evaluating di erent density learning algorithms in this thesis, we assume all datasets
are generated from distributions in whi h all densities are nite. To ensure this is
the ase, random noise is added to all datapoints in all the real-world datasets. The
resulting evaluations an be seen as rude approximations to how well the density
estimates would perform if used to ompress real data to a pre ision orresponding
to the magnitude of the noise.
Another reason the log-likelihood riterion is not quite orre t for ompression
appli ations is that the ost of en oding the density estimator itself is not taken
into a ount. In many ompression appli ations it might be more appropriate to
use a s oring metri that uses the log-likelihood of the training data (rather than
of an independent hold-out set) minus a penalty term that s ales with the number
of parameters required for the model, su h as the Bayesian Information Criterion
(BIC) [S h78℄. However, when ompressing very large datasets it is often omputationally infeasible to use the entire dataset while learning a density model, and a
relatively small random sample must be used instead. In su h situations, the total
number of bits required for ompression will be determined primarily by the learned
model's a ura y on data that was never presented to the learning algorithm, and the
number of bits required to en ode the model will only be of se ondary importan e |
and therefore the log-likelihood riterion employed here may in fa t be more suitable
than riteria employing penalized training-set log-likelihoods su h as the BIC.

4.4 Tree-growing algorithms
Now that we have dis ussed the evaluation of andidate density trees, we examine algorithms for growing these andidate trees. In this thesis we will restri t our attention
primarily to \top-down" learning algorithms of the following general form:

 Either de ide to model the data as a leaf, or de ide to bran h. If not bran hing,
learn a leaf distribution (of one of the distribution types des ribe in se tion 4.2)
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and return it. Otherwise:
{ De ide what variable to bran h on; if this variable is ontinuous, also de ide
upon a threshold value. Create a bran h node orresponding to this bran h
variable (and threshold value). In the ase of a dis rete-variable bran h,
the bran h node has one hild pointer orresponding to ea h possible value
of the variable. In the ase of ontinuous bran h variables, the bran h node
has two hild pointers: one for ases in whi h the bran h variable is less
than or equal to the threshold, and another for ases in whi h the bran h
variable is greater than the threshold.
{ Set ea h hild pointer of the bran h node to the result obtained by re ursively alling the tree-learning algorithm on the subset of the data satisfying the onstraints asso iated with that parti ular hild.
In addition to the data, the tree learning algorithm is supplied with a set of
onstraints. Ea h ontinuous variable X has a onstraint in the set of the form
a  X  b . Ea h dis rete variable Q either has no onstraints or has a onstraint of
the form Q = q for some value q . The algorithm is initially supplied with onstraints
over the ontinuous variables orresponding to a priori known bounds on their values
and no onstraints over the dis rete variables. When alling itself re ursively to learn
a bran h node's hild, the algorithm adds the appropriate dis rete-variable onstraint
or makes the appropriate ontinuous-variable onstraint more spe i a ordingly.
We now dis uss di erent methods for making the de isions required by the above
general algorithm.
i

i

i

i

i

i

i

i

4.4.1 Bran h variable sele tion strategies
If we have de ided to model the urrent data subset with a bran hing density tree
rather than a simple leaf distribution, then we need to de ide whi h variable to bran h
on. One simple possibility is to have the variables \take turns" a ording to some
arbitrary variable ordering as the tree's depth in reases, with the ex eption that ea h
dis rete variable an only ever be bran hed on on e. For example, in a joint density
tree over two ontinuous variables, we might arrange the tree so that the root node
an only split on variable C1; all nodes dire tly below the root node an only split
on variable C2 ; all nodes two levels below the root node an only split on varible C1
76

Figure 4.5: Example density trees learned using the turn-based bran hing riteria
(left) and the greedy bran hing riteria (right) on a syntheti dataset.
again; and so forth. If the split threshold hosen for ea h bran h node is always the
midpoint of the range of its bran hing variable, and the tree is of onstant depth,
then this imposes a grid stru ture over (C1 ; C2). If the depth of the tree is allowed
to vary instead, this results in a partitioning in whi h all leaves are either squares or
re tangles with aspe t ratios of 1:2; an example of su h a tree is shown in the left
half of Figure 4.5. (When the bounding box over the domain is a hyper ube and split
points are always in the middle of the bran hing variable's urrent range, having the
variables \take turns" splitting a hieves the same e e t as always splitting on the
variable with the widest urrent range.)
Another bran h variable sele tion method used more ommonly in de ision and
regression tree learning algorithms (e.g. [Qui86℄ and [BFOS84℄) is greedy sele tion.
When employing this variable sele tion strategy, a \density stump" of depth one is
grown for ea h possible bran h variable. Ea h of the stumps is evaluated; the best
stump is hosen, its hildren leaves are thrown away, and the learning algorithm is
alled re ursively to learn subtrees to repla e the old hild leaves.1 An example of a
tree learned using this greedy strategy is shown in the right half of Figure 4.5.
The greedy bran h variable sele tion method is obviously more omputationally
expensive than the \taking turns" approa h, but sometimes lead to signi antly more
A tually, for omputational eÆ ien y we pass the best stump's hildren leaves to the re ursively
alled subtree learners rather than throw them away immediately, so the subtree learners don't have
to relearn the leaves when de iding whether to prune.
1
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a urate density estimators, as shown in supplemental experimental results in Appendix A.1.

4.4.2 Split point sele tion
When a bran h node tests a ontinuous variable X , we must hoose the threshold
value t it employs for its test. If the urrently valid range of X is [a; b℄, one simple
hoi e is the midpoint t = (a+b)=2. In addition to being omputationally inexpensive,
this hoi e has a few other advantages. If the density tree is being used for ompression, this means the value of t does not need to be en oded in the model, whi h saves
a few bits. Furthermore, splits in di erent parts of the density tree will have a greater
tenden y to \line up" with ea h other by employing the same thresholds. This an
redu e the omplexity of the tree that results when we \ onditionalize" the original
density tree as des ribed in se tion 4.5.4.
If none of these advantages are of parti ular on ern, another possible split point
sele tion algorithm is as follows:
i

i

 Sele t a set D0 of up to, for example, 500 datapoints at random. Sort them
a ording to the values they assign to X .
 Generate a set of andidate split thresholds t1 ; : : : ; t based on these sorted
datapoints. For example, we might onsider all thresholds that lie halfway
between two distin t adja ent values in the sorted list of X values.
 Pi k the andidate split point t that would maximize the log-likelihood of D0
if we used a stump with t as a split point and onstant-density hild leaves. If
there are l datapoints in D0 less than t and r datapoints greater than t , this
log-likelihood is a onstant plus
i
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These evaluations an be performed eÆ iently by walking through the sorted
list of X values and generating the andidate split points t from these values
\on the y".
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Naturally, we would expe t this split-point hoosing algorithm to help the most
when the density tree is a tually employing leaves with onstant densities (as de78

s ribed in Se tion 4.2.1). An analogous algorithm tuned for leaves employing exponential or Gaussian densities (as in Se tion 4.2.3) would also be feasible, but we
refrain from examining this possibility further in this thesis. An analogous algorithm
tuned for leaves employing linear or multilinear interpolation would likely be too omputationally expensive, however, sin e these leaf densities annot be t using small
sets of suÆ ient statisti s that an be updated qui kly while s anning through the
sorted list of X values.
One potential pitfall with this split point riterion is that it tends to favor \endut" splits | that is, splits near the boundaries of leaves. This phenomenon has
been noted before in algorithms for tree-based lassi ation and regression (see,
e.g., [MM73℄ and [BFOS84℄). As a rude way of dealing with this problem, we refrain
from using any split point su h that one of the two leaves would a ount for less than
10 of the datapoints. (If there are fewer than 20 datapoints, we refrain from using
this split point riterion entirely and simply use the midpoint of the bran h variable's
urrent range.) Informal experiments not des ribed further in this thesis have shown
this an signi antly in rease the a ura y of density trees learned while using this
split point riterion.
Most of our experiments in this thesis will use the simpler midpoint threshold
method. Supplemental experiments omparing this method with the more ompliated method des ribed above are des ribed in Appendix A.1.
i

4.4.3 Pruning strategies
Assuming we have some method for hoosing variables on whi h to bran h, we must
still de ide whether any bran h will result in a density tree that will perform as
a urately on unseen data as a simple leaf distribution would perform. One possible
method, whi h we refer to as stopping, is to have the learning algorithm return a leaf
whenever it determines (via evaluation on a holdout set or some other method) that
a leaf models the urrent data subset more a urately than any single-level density
stump it has generated and tested. Another possible method, referred to as postpruning, is for the learner to learn a subtree potentially mu h deeper than one level
and then ompare the estimated a ura y of this entire subtree to the estimated
a ura y of a leaf. When learning this deeper subtree, some other ad-ho stopping
riterion is used, su h as requiring a minimum number of datapoints before allowing
a bran h to be onsidered.
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Figure 4.6: Example density trees learned on a syntheti dataset using stopping (left)
and post-pruning (right) with onstant-density leaves.
Whether stopping or post-pruning generates more a urate results depends on
other aspe ts of the tree learning algorithm. If very simple density estimators are used
in the leaves, and if few di erent ombinations of bran hing variables and bran hing
thresholds are evaluated, then the stopping algorithm will often terminate with a
leaf in situations where a density tree of depth two or more would have done mu h
better. For example, Figure 4.6 shows two density trees learned on a syntheti dataset
where the leaves are of onstant density and only one bran h variable/bran h treshold
ombination is attempted. The density tree on the left, whi h was learned with
stopping, has a large region towards the upper-right that is learly not of onstant
density but that is modeled with a single leaf. This leaf was not split be ause it
has roughly as many datapoints in its upper half as in its bottom half; by han e,
the holdout set had a slightly lower log-likelihood on the andidate density stump
employing this top vs. bottom split than it did on the leaf overing the entire area,
so the stopping riterion terminated with a leaf prematurely. The density tree on the
right learned with post-pruning does not su er from this obvious problem.
On the other hand, if the density estimators used in the leaves are more exible,
and many andidate bran h variable / bran h threshold ombinations are tried, then
it be omes less likely that the stopping algorithm will stop mu h too early. Furthermore, in su h situations it be omes in reasingly likely that any nite holdout set used
to evaluate di erent hoi es of bran h variables / bran h threshold will happen to
have an ina urately high estimated log-likelihood for one of those hoi es, and over80

tting will result. When over tting be omes a more pressing issue than under tting,
trees learned with post-pruning often perform slightly worse than trees learned with
stopping. This e e t an be ameliorated by using one holdout set to evaluate di erent bran h variable / bran h threshold ombinations and a se ond separate holdout
set to de ide whether to use the best of these ombinations or to use a leaf instead.
However, even with an independent holdout set for pruning, post-pruning an still
peform worse than than stopping. Furthermore, learning trees with post-pruning is
more omputationally expensive, both in terms of time and memory requirements.
Despite these issues, in most of our experiments we will use post-pruning rather
than stopping. While post-pruning is often slightly less e e tive on average, the quality of density trees learned with stopping has a higher varian e and is more sensitive
to other aspe ts of the density tree learning algorithm. Supplemental experiments
omparing post-pruning versus stopping are in luded in Appendix A.1.
Another approa h previously used in lassi ation and regression trees (see, e.g.
[BFOS84℄) is to use the holdout set not to dire tly determine whi h nodes of the
tree to prune, but instead use it to nd a good value for a single omplexity penalty
oeÆ ient that is then used a ross the entire density tree to determine whi h bran hes
to prune. This approa h might result in more a urate trees than the ones we have
produ ed using the holdout sets more dire tly, but we leave omparisons along these
lines for future resear h.

4.4.4 Parameter smoothing
Throughout the dis ussion so far, we have been assuming the use of maximumlikelihood estimates for P (L = l) (the probability distribution over whi h leaf l a
given datapoint is onsistent with) and for P (S~ jl) (the onditional probability density over a set of variables S~ given that the datapoint is onsistent with the onstraints
asso iated with a given leaf l). However, if we are using log-likelihood as our riterion for density estimator quality, su h maximum-likelihood estimates an perform
arbitrarily poorly on data not seen during the training pro ess. For example, it may
be the ase that in one of the tree's bran hes on a dis rete variable X , none of the
datapoints onsistent with the onstraints of that bran h's an estors in the tree has
X set to some parti ular value x. In su h a situation, a maximum-likelihood treelearning algorithm would set the bran h's orresponding hild node to a leaf l and
assign P (l) = 0. However, there is still a han e that a datapoint onsistent with
l

i
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onstraints will be seen later; the log-likelihood of su h a point would be 1,
thus making it irrelevant how well the density tree did on any other datapoints being
evaluated. Alternatively, a leaf l may assign a probability P (S~ jl) = 0 to some ombinations of values for S~ . For example, in the ase of linear or multilinear interpolation,
it is often the ase that the density at some of the leaf's edges or orners will onverge
to zero.
One theoreti al way to address this problem would be to use a Bayesian analysis
in whi h the set of parameters ~ in a density tree with a xed stru ture T are given
~ The data D ould then be used to nd these parameters'
a prior distribution P ().
posterior distribution P (~ jD), and then the probabilility of any given datapoint
~ jD):
P (s~ jD) ould be al ulated by integrating over P (
l's

l

i

i

T

T

T

i

T

PT (s~i jD) =

Z

PT (~jD)  PT (s~i j~)d~:

~ are of ertain forms, the above inWhen the distributions P (s~ j~) and priors P ()
tegral an be al ulated in losed form. For example, for a single dis rete variable Q,
the integral an be evaluated in losed form if P (Qj) is a multinomial distribution
~ is a Diri hlet distribution. It an similarly be
and the prior over its parameters P ()
~ is a Gaussian distribution and the priors over its parameters is a
evaluated if P ()
normal-Wishart distribution. However, it is not lear whether some of the leaf density
estimators examined here (su h as the linear and multilinear density estimators) are
amenable to this form of analysis. Instead, we rely on a ommonly used and mu h
simpler te hnique for working around the problems with maximum-likelihood estimation: namely, we adjust the distribution slightly towards the uniform distribution in
an ad ho manner.
One possible smoothing method is to simply learn a maximum-likelihood density
tree P (S~ ) on the training data and then let the nal estimated distribution P 0(S~ )
be a mixture model
P 0 (S~ ) = (1 )P (S~ ) + P (S~ )
where P (S~ ) is a \sla k" distribution that assigns nonzero probabilities to all possible
values of S~ . If a bounding box is known a priori for the ontinuous variables C~ 2 S~ ,
then P (C~ ) an be a uniform distribution assigning equal probability densities to
all points lying within that bounding box. In our experiments, will we assume su h
bounding boxes are known; when peforming omparative experiments with real-life
datasets, we will \ heat" and generate these bounding boxes using all the data rather
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than just the training set. However, this is only done for onvenien e; one ould
always model P (C~ ) with a wide Gaussian or Cau hy distribution instead, where the
s ale for ea h variable ould be set a ording to the range that variable's values take
on in the training data. In our experiments we will generally set to 2j 1 j , where jD0j
is the number of datapoints used to train the density tree. The performan e of the
density estimators appears fairly insensitive to as long as is set within an order
of magnitude or so of this heuristi ally hosen value.
Another possible smoothing method is to smooth P (L) and ea h P (S~ jl). The
maximum-likelihood estimate for P (l) is the fra tion of datapoints onsistent with l's
onstraints. Let a (l) denote the j an estor node of l in the density tree | that is,
a0 (l) = l, a1 (l) the immediate parent of l, a2 (l) the parent of the parent of l, and so
forth, up to a (l), where d is l's depth in the tree. Then P (l) an also be expressed
as
1 jD j+1 j
()
P (l ) =
jD j j
U

i

D0

l

j

i

th

d

dY
j

a

=0

l

(l)

a

where jD j is the number of datapoints onsistent with the onstraints asso iated
with a node n in the tree. We an smooth P (L) by smoothing ea h of the fra tions
in this produ t:
1
jD j+1 ( ) j +
P (l ) =
jD j j + (a +1(l))
n

dY
j

=0

a

a

(l)

l

j

where (n) is the number of hildren of a given bran h node n. That is, we essentially pretend that at ea h bran h node in the tree, some small additional number
of \phantom datapoints" are onsistent with ea h of the node's hildren. (In our
experiments we generally set to 0.5; again, the a tual value used appears to have
little impa t on the performan e of the resulting density estimators as long as it is
within an order of magnitude or so 0.5.) The method for smoothing P (S~ jl) depends
on the parti ular density estimator being used. For a dis rete variable Q, we an
simply smooth the maximum-likelihood distribution by assuming the existen e of
\phantom datapoints" onsistent with ea h possible value of Q. Constant-density
ontinuous distributions do not need to be smoothed. Exponential and linear densities an be smoothed by adding \phantom datapoints" lo ated at the enter of the
leaf's bounding box. A Gaussian distribution an be smoothed by averaging into its
mean ve tor and ovarian e matrix the e e ts of \phantom datapoints" distributed
a ording to a Gaussian with a standard deviation proportional to the leaf's width
and a mean lying in the enter of the leaf.
l
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There is no theoreti ally ompelling reason to smooth P (L) and the P (S~ jl)'s if
the mixture-model method of smoothing is also already being employed, or vi e versa;
informal experiments seem to indi ate that it makes little di eren e whi h is used,
as long as one or both are. However, smoothing P (L) and the P (S~ jl)'s does have
the pleasant side e e t of removing the need for many annoying spe ial- ase he ks
in the implementation. We will generally employ both methods of smoothing for the
experiments in this thesis.
l

l

i

i

4.5 Conditional density trees
Now that we have dis ussed in detail how density trees an be learned and used for
joint probability distributions P (S~ ), we move on to dis uss learning and using density
trees for onditional distributions P (X j~ ).
One might attempt to alter the algorithms dis ussed in the previous se tion so that
only onditional distributions P (X j~ ; l) are modeled in the tree's leaves, and so that
the onditional log-likelihood of the datapoints is used as the riteria for determining
the stru ture of the tree. However, this immediately raises the question of whether
su h density trees should be allowed to ontain bran h nodes that test the value of
X . If su h bran hes are not allowed, then the resulting density tree may not be able
to represent the onditional distribution a urately, assuming the leaf distributions
are restri ted to simple parametri forms. On the other hand, if su h bran hes are
allowed at arbitrary points in the tree, then learning a tree that represents a valid
onditional probability distribution be omes diÆ ult. In order for the density tree to
represent a valid onditional probability distribution, it must be the ase that
i
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i

Z

P (Xi j~i )dXi = 1

for all possible values of ~ . Unfortunately, it appears that ensuring this onstraint is
satis ed requires us either to impose severe restri tions on the a ura y of the density
estimator or to reason about the stru tures of di erent subtrees simultaneously, thus
destroying the divide-and- onquer nature of the learning algorithm.
To see this, onsider the following example in whi h we attempt to learn a onditional density tree P (X jZ ) where X and Z are both real-valued with values between 0
and 1. For simpli ity, assume we only onsider bran hes that split on X 2 f:25; :5; :75g
or Z = :5, and that the leaves are of onstant density. The nest possible density tree
i
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obeying these onstraints is a simple dis retization of the X  Z spa e into 8 bu kets.
Suppose the training data had the following joint distribution over these 8 bu kets:
1

.15
.25
.05
.05

X
0

.15
.15
.00
.20
1

Z

The density tree with a root node splitting on X = :5 represents a partitioning of
these 8 bu kets into two sets of four. This partitioning is shown to the left, and the
stru ture of the orresponding maximum-likelihood onditional density tree is shown
to the right:
1

.15
.25
.05
.05

X

.15
.15
.00
.20

0

X > .5?
N

Y

.3

.7

1

Z

Here in ea h of the density tree's leaves we have written not the onditional probability density P (X jZ ) but the total onditional probability mass ontained in the leaf:
namely, the integral of the onditional probability density P (X jZ ) over the range of
X in the leaf.
Now suppose we re ne ea h bran h of this tree by splitting on Z = :5, and then
split ea h of the resulting new nodes on X = :25 or X = :75. The orresponding
partitioning and maximum-likelihood onditional density tree would look like this:
X > .5?
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.00

N

.50

Y

.30

N

Y

.30

.30

Here ea h leaf's onditional probability mass is two times the fra tion of the data
lying in the orresponding bu ket, sin e half of the data happens to have X > :5 and
half of the data does not. So, for example,
P (:5 < X < :75; 0 < Z < :5)
P (:5 < X < :75j0 < Z < :5) =
P (0 < Z < :5)
= :05 + :05:+25:25 + :15 = ::255 = :5:
However, suppose that after evaluating this re ned tree we de ide we don't a tually
have enough data to justify the Z > :5 split in the X < :5 half of the tree, and instead
use a density tree stru ture like this:
X > .5?
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1

0
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In su h a situation, how would we ompute, say, P (:5 < X < :75j0 < Z < :5) and
P (:75 < X < 1j0 < Z < :5)? If we naively ompute them using the same equation
as before while leaving the leaf for P (X < :5) at 0.3 , then the resulting density tree
will not model a valid onditional distribution, sin e
P (X < :5j0 < Z < 1)+P (:5 < X < :75j0 < Z < :5)+P (:75 < X < 1j0 < Z < :5) 6= 1:

Thus, hanging the stru ture of the left-hand half of the tree would require us to
alter the leaf values in the right-hand half of the tree as well: the divide-and- onquer
algorithm that worked for joint density trees does not work here for onditional density
trees. We ould attempt to regain the divide-and- onquer nature of the algorithm by
noti ing the .3 / .7 probability mass ratio at the root-level split and requiring that
P (0 < X < :5jZ ) must be .3 and P (:5 < X < 1jZ ) must be .7 for all values of
Z regardless of further subtree re nements; however, this approa h would obviously
ause most onditional probability distributions to be unrepresentable regardless of
how mu h data was used during the learning pro ess.
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4.5.1 Strati ed onditional trees
Most ommon tree-based learning algorithms su h as CART [BFOS84℄ and ID3 [Qui86℄
only test the parent (or \input") variables at their bran hes, and so the problem raised
in the previous se tion is not an issue for them. Ea h leaf in su h trees generally ontains a simple parametri distribution of the hild (or \output") variables, or even
just a point estimate of the hild variables in the ase of regression. However, there
is no reason in prin iple to stop at a simple parametri distribution for the hild variable on e the bran hing on parent variables has nished. Instead, one an employ a
strati ed tree in whi h any path from the root of the tree to a leaf rst passes through
a sequen e of bran h nodes that only test the parent variables, and then through
another sequen e of bran h nodes that only test the hild variables. A strati ed onditional density tree for the example problem dis ussed in the previous se tion might
look like this:
Z > .5?

1

.15
.25
.05
.05

X

N

.15
.15
.00
.20

Y

X > .5?
N

.20

X > .5?
Y

N

Y

X > .75?

X > .25?

.60

1

0

N

Z

.50

Y

.30

N

.40

Y

.00

where for larity we have again listed the onditional probability masses inside the
leaves rather than the onditional probability densities. When the density tree stru ture is restri ted in this fashion, it is simple to a ount for the onstraint that P (X j~ )
integrated over X must equal 1 for all ~ , sin e all the onditional probability mass
for any value of ~ lies in a single subtree.
As our experimental results will show, allowing su h bran hes on the output variable an result in onditional density trees that are mu h more a urate than onditional density trees with bran hes only on the input variables and simple parametri
distributions at the leaves. Unfortunately, the problem of sear hing for good strati ed
onditional trees is more diÆ ult than the problem of sear hing for good joint density
trees. When learning joint density trees, the performan e of the trees is somewhat
insensitive to the exa t order in whi h di erent variables are used in bran hes; if the
i

i

i
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wrong variable happens to bran hed upon at one level, at least it an still be bran hed
upon at the next. This relative insensitivity is what makes greedy algorithms feasible.
Strati ed onditional density trees, on the other hand, have the onstraint that on e
the output variable is tested in a bran h, the input variables an never be tested again
in any further bran hes below that bran h. Furthermore, if the density estimators
being used in the leaves are parti ularly simple, su h as onstant densities, testing a
proposed bran h by learning a one-level \stump" is a poor approa h. For example,
suppose we wish to test whether bran hing on a parent variable Z at the root of
the density tree is a good idea. If we grew a one-level stump with onstant-density
leaves, ea h of these leaves would still have a onditional probability mass of 1, and
the onditional log-likelihood of the data would be pre isely the same as if we had
not bran hed on Z at all. It is only after further bran hing on X that the usefulness
of bran hing or not bran hing on Z at the top of the tree an be gauged with any
a ura y.
Therefore, when learning strati ed onditional density trees, we take the following
approa h. We use a re ursive greedy top-down learning algorithm that is the same
as the learning algorithm used for joint density trees, ex ept:
i

 It is only allowed to test the \parent" or input variables in its bran h nodes.
 Wherever the joint density tree learner would all a subroutine to learn a leaf,
the strati ed onditional density tree learner instead alls a subtree learner.
This subtree learner is restri ted to trees that bran h only on the output variable
X ; the leaves of this tree ontain onditional probability densities rather than
joint probability densities.
 Conditional log-likelihoods rather than joint log-likelihoods are used when judging the quality of proposed subtrees.
i

Be ause entire subtrees are generated by the strati ed tree learner where the joint
density tree learner only had to generate leaves, the strati ed tree learner is signi antly more omputationally expensive. There may be other less expensive algorithms
for learning strati ed trees that are nearly as a urate; however, the algorithm presented here is designed primarily to provide a rough experimental upper bound for
how a urate we might expe t strati ed density trees to be.
An example of a onditional density tree learned on a syntheti two-dimensional
dataset is shown in Figure 4.7.
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Figure 4.7: An example strati ed tree learned to model the onditional distribution
of the verti al-axis variable given the horizontal-axis variable.
When the output variable is dis rete, it makes no real di eren e whether the
output variable is ever tested in a bran h node. The leaf density estimators we use
in this thesis all use multinomial distributions for the dis rete variables, and ea h
bran h on a dis rete variables has one hild for every possible value of that variable.
Repla ing a leaf with a bran h on the output variable would therefore merely move
the information previously ontained in the old leaf's multinomial distribution to
the onditional probability masses re orded for the new bran h's new hild leaves.
In this ase, the strati ed onditional density tree learning algorithm be omes very
similar to lassi al de ision tree learning algorithms su h as ID3 [Qui86℄. ID3 uses
the information gain between ea h andidate bran h test and the lass variable to
greedily learn the tree stru ture. This information gain is dire tly proportional to the
in rease in the onditional log-likelihood of the training data that would be a hieved
by performing the same split. Our algorithm also uses an in rease in log-likelihood as
its riterion, although it may evaluate this in rease only on a subset of the training
data that was not used to t the leaves' parameters.
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4.5.2 Using joint density trees onditionally
While the strati ed onditional density trees dis ussed in the previous se tion an
model onditional density trees mu h more a urately than CART-like single-level
onditional density trees, they are omputationally expensive to learn. Furthermore,
as we shall see later in the experimental results, their a ura y an still be improved
on signi antly.
In this se tion we dis uss the use of density trees modeling joint distributions
P (S~ ) to obtain onditional density estimates P (X j~ ). Assuming we have a density
tree for P (S~ ), we an obtain an estimate for a parti ular P (x j~ ) as follows:
i

i

i

i

i

P (xi j~i )

=

X

=

X

=

l

i

P (lj~i )  P (xi j~i ; l)

P (l)  P (~i jl)
 P (xij~i; l)
0
~i jl)
l P (l )  P (
l
P (l )  P (~i jl )  P (xi j~i ; l )
P
0
~i jl0 )
l P (l )  P (
P

0

0

where the summation over l ollapses to a single leaf l onsistent with both x and ~ ,
sin e all other leaves l have either P (~ jl) or P (x j~ ; l) equal to zero. This equation
gives us a simple way of al ulating onditional distributions P (X j~ ) from trees
modeling joint distributions P (X ; ~ ), assuming the distribution P (X ; ~ jl) within
ea h leaf l an be marginalized to ompute P (~ jL) and onditionalized to ompute
P (X j~ ; L).
Joint density trees are trivially apable of representing Bayes lassi ers when used
in this manner. In parti ular, sin e ea h leaf in the density trees employed in this
thesis models all dis rete variables independently, a Naive Bayes lassi er for dis rete
variables is obtained in the spe ial ase where the density tree is a one-level density
stump with a root node bran hing on the variable to be predi ted. Su h Naive
Bayes lassi ers have previously been used to model the onditional distributions
within Bayesian networks [HM97a℄. A ommonly used Bayes lassi er for ontinuous
variables is to model ea h lass distribution with a Gaussian; this lassi er is obtained
simply with a density stump bran hing on the lass variable with leaves employing
Gaussian distributions over the ontinuous variables, as dis ussed in se tion 4.2.2.
More generally, suppose a joint density tree over dis rete variables has a bran h
stru ture similar to the bran h stru ture of a two-way onditional density tree (as
dis ussed in se tion 4.5.1): that is, on e the output variable is tested in a bran h
i
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i

i
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i

i
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node, no further tests an be performed on the input variables in subsequent levels of
the tree. When this joint density tree is used to estimate onditional distributions for
the output variable, it is similar in form and fun tion to a hybrid de ision tree / Naive
Bayes lassi er also developed in previous resear h [Koh96℄. In the most general ase
when the tree has an arbitrary bran h stru ture (and the variables are not ne essarily
dis rete), the algorithm for omputing onditional distributions essentially reates a
Bayes lassi er \on the y" a ross di erent parts of the tree to determine whi h of
the leaves onsistent with ~ the datapoint probably ame from.
For any given ~ , most leaves l0 in the tree will impose onstraints on ~ that ~
fails to meet. Thus, most of the terms in the denominator of the last equation above
are zero, and the orresponding leaves an be omitted from the summation. This
an be a omplished by performing the summation during a depth- rst traversal of
the tree in whi h subtrees that impose onstraints in onsistent with ~ are ignored.
However, it may still be the ase that many leaves in the tree are onsistent with ~ .
This problem tends to be worst when there are few parent variables, sin e these trees
have a larger fra ion of bran hes on the hild variable, and the summation algorithm
must re urse on all of the hildren of su h bran h nodes rather than just the single
hild onsistent with ~ .
If the lass of density fun tions used in the leaves is losed under addition and
s alar multipli ation, then we an take a density tree modeling P (X ; ~ ) and preompute a marginalized density tree P (~ ). Su h a marginalization algorithm for
density trees with onstant-density leaves has been used in previous work by Kozlov
and Koller on message-passing algorithms for inferen e in ontinuous-variable graphi al models [KK97℄. On e this tree is omputed, we an ompute the onditional
distribution simply as
P (X ; ~ )
P (X j~ ) =
;
P (~ )
where omputing the numerator and evaluating the denominator ea h require lo ating and evaluating only one leaf distribution in the appropriate tree. Unfortunately,
many types of leaf density estimators examined in this thesis are not losed under
addition, in luding the fa torized distributions for multiple dis rete variables and the
exponential, Gaussian, and fa torized linear distributions for ontinuous variables.
Furthermore, for some operations we might wish to perform with the density trees,
su h as sampling or ompression, being able to ompute P (X j~ ) as a quotient of two
bla k-box fun tions is not parti ularly helpful; su h operations are mu h more natui
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rally omputed in terms of leaf probabilities P (Lj~ ) and leaf-dependent onditional
probabilities P (X jL; ~ ).
i

i

i

4.5.3 Speeding up the onditional evaluation of joint density
trees
However, we an still speed up the evaluation of onditional probabilities a bit by
generating an auxiliary \skeleton" marginalized tree from the original density tree.
All bran hes in this skeleton marginalized tree are on the parent variables ~ . There
is one leaf in this tree for every possible distin t ombination of leaves in the original
joint density tree that an be simultaneously onsistent with any xed value ~ . Ea h
leaf in the skeleton marginalized tree ontains a ve tor of pointers to all the original
leaves that are onsistent with its onstraints on ~ . (If the original leaves do not
ontain expli it re ords of the onstraints over X imposed on them by bran h nodes
above them in the tree, these onstraint sets are re orded in the marginalized tree
leaf's ve tor along with the orresponding pointers to the original leaves.) This ve tor
of pointers allows us to ompute the ne essary onditional distribution more qui kly
by preventing us from having to traverse the original density tree in order to nd
all the ne essary leaves. An example of a skeleton marginalized tree is shown in
Figure 4.8.
The bran h stru ture of this skeleton marginalized tree an be reated with an
algorithm similar to that used previously in the marginalization of density trees with
onstant-density leaves [KK97℄. We rst de ne a fra turing pro edure that destru tively re nes one tree stru ture T so that no leaf in T simultaneously interse ts more
than one distin t leaf in some other tree stru ture T , where two nodes are said to
interse t if there exists some (x ; ~ ) that is onsistent with the onstraints asso iated
with both nodes. (No two leaves in the same density tree interse t.) The re ursive
FRACTURE routine des ribed in Figure 4.9 takes the root nodes n and n of two
trees T and T and returns the root of the destru tively re ned T . All \leaves" in
T are simply pla eholders that ontain no information other than the onstraints
imposed on them by their an estors in the tree; these pla eholder leaves will be repla ed later. Sin e T is only re ned | that is, no two of its leaves are ever joined
| it is also the ase that no leaf in the result interse ts more than one leaf of the
original T . Thus, FRACTURE(n , n ) is symmetri in that it returns a tree with the
same set of leaves that FRACTURE(n , n ) would; our parti ular implementation of
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Figure 4.8: An example of a density tree and its skeleton marginalized density tree.
Geometri al representations of the trees are shown to the left; to the right are their
tree-based representations. The top half of ea h representation shows the original
density tree; the bottom half show the orresponding marginalized density tree. The
leaves of the marginalized density tree ontains pointers ba k up to the leaves in the
original density tree.
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FRACTURE merely happens to destroy one of its two argument trees be ause the
algorithm is slightly more straightforward to des ribe and implement that way.
With FRACTURE de ned, we an now de ne COLLAPSE, a re ursive pro edure that takes the root of a density tree T and a variable X as arguments, and
returns a new tree stru ture representing the marginalization of X out of T . As
in FRACTURE, the leaves in this new tree are merely pla eholders to be lled in
later; COLLAPSE merely generates the new tree's bran h stru ture. Pseudo ode for
COLLAPSE appears in Figure 4.10.
On e the stru ture of the skeleton marginalized tree has been generated, the leaves
are lled in so that ea h leaf ontains an array of pointers to all the leaves in the
original tree that are onsistent with its onstraints on ~ . We omit the details; in
the next se tion we will des ribe a related algorithm where this array is repla ed with
a subtree with bran hes on X .
i

i

i

i

4.5.4 Approximate onditional evaluation of joint trees
Unfortunately, while the skeleton marginalized trees des ribed above an speed up
evaluation by providing a onvenient set of pointers to all the ne essary leaves, evaluating the sum P (l0)P (~ jl0) may still involve an expensively large number of terms,
parti ularly when there are few parent variables. We an speed up the onditional
evaluation of joint density trees further by introdu ing an approximation. Within the
ontext of any given leaf l of the skeleton marginalized tree, we an approximate
the onditional distribution P (~ jl0) over ea h original density tree leaf l0 as a onstant P^ (~ jl0) spe i to l . We ompute this onstant distribution on e and store it
within l ; ea h P^ (~ jl ) is the average of P (~ jl ) over all datapoints onsistent with
l 's onstraints. The onditional density an then be be omputed approximately as
P (l )  P^ (~ jl )
P (x j~ ) =
 P (x j~ ; l ) = P (x j~ ; l )
P (l0 )  P^ (~ jl0 )
where is a onstant.
Now that we no longer have to look at any leaves other than l in order to ompute
the onditional density, we need a faster way of nding l from l than walking through
a linear array trying to nd the one onsistent with a given x . A natural hoi e is to
reate a subtree with bran hes testing X . This subtree stru ture an be generated
by reating a pla eholder leaf with the same onstraints as l and then repla ing it
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FRACTURE(n , n ):
t

s

 If n is not a bran h node, return n .
 Otherwise, if n is a bran h, destru tively set ea h hild n of n to
FRACTURE(n , n ) and return n .
 Otherwise (in the ase that n is a leaf and n is a bran h), ount the number
of n 's hildren that interse t n . (This number will be nonzero.)
{ If there is exa tly one hild n of n that interse ts n , then return
FRACTURE(n , n ).
{ Otherwise, reate a new bran h node n employing the same bran h test
as n . Let K denote the number of n 's hildren.
{ For every i between 1 and K :
 Create an empty pla eholder leaf whose onstraints are the onstraints
asso iated with n plus the additional onstraint imposed by the i
possible result of n 's bran h test. Let this pla eholder leaf be denoted
n.
 Destru tively set n 's i hild to FRACTURE(n , the i hild of n ).
{ Return n .
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Figure 4.9: Pseudo ode for the FRACTURE pro edure. The tree with root n is
destru tively modi ed so that none of its leaves interse t more than one leaf in n ,
and this modi ed tree's root is returned.
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COLLAPSE(n , X ):
 If n is not a bran h node, return a pla eholder leaf.
 Otherwise:
{ Let K denote the number of n 's hildren.
{ For all i from 1 to K :
 Let m be COLLAPSE(n 's i hild, X ).
{ If n bran hes on a variable other than X , return a new bran h node
employing the same bran h test as n , but with m1 ; : : : ; m as its hildren.
{ Otherwise:
 For all i from 2 to K :
 Destru tively set m1 to FRACTURE(m1 , m ).
 Delete m .
Return m1 .
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Figure 4.10: Pseudo ode for the COLLAPSE pro edure. The routine returns a new
version of the tree rooted at n in whi h all bran hes on X have been marginalized
away. The resulting tree has one leaf for every distin t possible ombination of leaves
in the original tree that an be onsistent with a xed ~ .
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with FRACTURE(l , n ), where n is the root of the original density tree. Ea h leaf
of this subtree is then assigned a pointer to the single leaf in the original density tree
onsistent with its onstraints. When this operation has been performed for ea h
leaf in the skeleton marginalized tree, the result is very similar in stru ture to the
strati ed onditional tree des ribed in se tion 4.5.1. We refer to this new kind of tree
as a onditionalized joint density tree. An example is shown in gure 4.11. These
trees an be used either as \skeleton marginalized trees" to slightly speed up the
omputation of the exa t onditional distribution from the original joint density tree
P (l )  P (~ jl )  P (x j~ ; l )
P (x j~ ) =
P (l0 )  P (~ jl0 )
by organizing pointers to all the relevant nodes in the original joint density tree, or
to ompute the even faster approximate onditional distribution
P (x j~ ) = P (x j~ ; l );
as time onstraints require.
There are several notable di eren es between strati ed onditional trees and onditionalized joint density trees, however. The stru tures of strati ed onditional density
trees are optimized dire tly for maximimizing the total onditional log-likelihood of
the data rather than the joint. Con eptually, one would expe t this to make strati ed
onditional density trees more a urate at estimating onditional densities. However,
sear hing for a good strati ed onditional density tree is more omputationally expensive for the reasons des ribed in se tion 4.5.1. Furthermore, the stru tures of joint
density trees are more exible, allowing them to onform faithfully to the regions in
whi h there are many training datapoints without breaking other low-density regions
into too many leaves. For example, onsider gure 4.11. In order for a strati ed
onditional tree to reate a split on Z > :75 in the (X > :5; Z > :5) region where
there might be plenty of data, this same split must be applied a ross all values of
X , in luding the potentially mu h lower-density region (X  :5; Z > :5). The joint
density tree is not as in exible in this respe t. While the stru ture of a onditionalized joint tree is similar to that of a strati ed onditonal tree, ea h of its leaves is a
pointer to a leaf in the joint density tree that may be have trained on a signi antly
larger set of data than a orresponding leaf of a strati ed onditional tree would have
been. For example, the onditionalized joint tree leaf orresponding to the region
(Z > :75; X < :5) is a pointer to the joint tree leaf whi h was trained on all data
in the larger region (Z > :5; X < :5). This added exibility may help onditional
s

t

t

i

i

P

i

l

i

i

i

i

0

s

97

i

i

i

joint density trees ompensate for the fa t that they are optimized to model joint
distributions rather than onditional ones.
Finally, if ea h leaf of the original joint tree employs a nonuniform distribution
over the parent variables, then obtaining the onditional distribution P (X j~ ) from
a joint tree using the relationship
i

P (xi j~i ) =

X

l

i

P (lj~i)  P (xi j~i ; l)

an result in more a urate density estimation than would be possible by simply using
the onditional distribution of a single strati ed density tree leaf, even if the joint tree
is stru tured like a strati ed onditional density tree | that is, with all bran hing on
~ performed before any bran hing on X . Intuitively, by ombining the distributions
learned in di erent leaves using this relationship, we have essentially reated a \soft
bran h" over ~ that helps us to more a urately predi t X as a fun tion of ~ without
a tually splitting the dataset further into ompletely disjoint subsets.
i

i

i

i

i

4.6 Stru ture-learning algorithm for Bayesian Networks using onditional density trees
Most previous algorithms for learning Bayesian networks over ontinuous variables
have taken one of the following approa hes:
1. Employ simple parametri distributions su h as Gaussians that have easily omputable suÆ ient statisti s; sear h dire tly over Bayesian networks employing
these ontinuous distributions (e.g. [HG95℄). This approa h has the obvious
drawba k that the networks learned may be ina urate when the data does not
obey the assumptions behind the model's parametri forms.
2. Sear h for a network stru ture that a urately models a version of the dataset in
whi h ea h variable is independently quantized; then, use this same stru ture for
a Bayesian network modeling the original ontinuous variables (e.g. [MC98b℄).
This approa h has the disadvantage that the dis retization pro ess may ause
some intervariable dependen ies in the ontinuous data to be lost, and may
add spurious dependen ies. Furthermore, the stru ture-learning pro edure does
not take into a ount the representational power of the parti ular ontinuous
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Figure 4.11: An example of a onditionalized joint density tree. A geometri al representation of the tree is shown to the left; to the right is its tree-based representation.
The top half of ea h representation shows the original density tree; the bottom half
show the auxiliary tree used to evaluate onditional densities. Ea h leaf of the auxiliary tree ontains a pointer ba k up a single leaf in the original density tree.
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4.

5.

6.

distributions that will be used in the nal network | for example, how many
parent variables an be used before too many datapoints would be required to
learn the ontinuous distribution.
Independently quantize the variables as in approa h 2, but optimize the quantization so that the quantized variables predi t the hidden lass variable of a
mixture model learned on the ontinuous variables [MC99℄. This approa h ameliorates some of the disadvantages of approa h 2, but at the omputational ost
of learning a joint mixture model over all the variables.
Perform a simultaneous sear h over dis retization poli ies and networks that
model the orresponding dis retized variables ([MC98a℄, [FG96a℄). Be ause the
dis retization poli y takes into a ount the parti ular variable intera tions being
modeled in the network, fewer dependen ies in the original data are lost and
fewer spurious dependen ies are generated. However, this problem does not
ompletely go away; additionally, as in the previous approa h, this approa h
does not take into a ount the omplexity of the parti ular models one might
have in mind for the nal network over the original ontinuous variables.
Perform a simple greedy stru ture sear h over networks that employ omplex
ontinuous distributions, as in se tion 3.3. This approa h has the disadvantage that the greedy sear h may be inadequate to nd a good network in some
domains, parti ularly those in whi h networks employing in orre t variable orderings require many more ar s than networks with orre t variable orderings.
Perform an extensive stru ture sear h dire tly over networks that employ omplex ontinuous distributions ([HT95℄, [FN00℄). This method is omputationally
tra table only in domains with relatively small numbers of variables and/or datapoints when ea h ontinuous distribution required during the sear h is timeonsuming to learn.

In this se tion we use the speed with whi h onditional density trees an be learned
to examine hybrid stru ture-learning algorithms that attempt to ombine the best
aspe ts of some of these approa hes. We generalize the greedy learning algorithm
des ribed in se tion 3.3 in several ways:

 The greedy algorithm may be started from an arbitrary network stru ture B0
rather than an empty network stru ture B . In parti ular, it may be useful to
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start it from a network stru ture that was learned by a more extensive sear h
pro edure on a dis retized version of the dataset. If the more extensive sear h is
able to identify roughly the right order for the variables in the network and/or
good parent sets that are diÆ ult to nd greedily, then this may be a signifi antly better starting point for the greedy algorithm to begin nding better
ontinuous-distribution networks. Alternatively, it may be started with the result of a previous iteration of the same greedy algorithm. When run in this
fashion, the overall algorithm is similar in spirit to the Sparse Candidate algorithm previously developed for dis rete domains [FNP99℄.
 The pairwise s ore improvements I (X ; X ) used in se tion 3.3 were measured
with respe t to B , and were always s ores for ar additions. The pairwise
s ore improvements we use now are with respe t to B0 . These pairwise s ore
improvements will generally not be near-symmetri as they were before. Some
of these improvements will be for ar deletions rather than additions, and some
ar additions may be invalid be ause they would reate y les in the graph.
The pairwise improvements are stored in a list sorted in order of de reasing
estimated s ore improvement; the algorithm runs down this list and attempts
the orresponding network stru ture hanges in order.
i

j



 The onditional distributions used during the greedy algorithm's sear h over
network stru tures may not be of the same form as the distributions used in
the nal network. For example, the greedy sear h ould be performed on a
ompletely dis retized dataset, or with density trees that use onstant-density
leaves; after the sear h over stru tures has been ompleted, the resulting network
stu ture an be used in onjun tion with more omplex distributions, su h as
density trees with leaves employing multilinear interpolation.
We will examine the e e ts of these generalizations in the experimental results
se tion. Pseudo ode for the greedy algorithm we employ throughout this hapter is
shown in Figure 4.12.
At the beginning of the greedy algorithm, one fun tion S (X ; ~ ) is used to ome
up with a (possibly rude) ranking of all possible single-ar hanges to B0 . These
hanges are then attempted in order from most to least promising a ording to this
ranking, subje t to the onstraints that no variable an have more than MAXPARENTS parents and no more than MAXCHANGES hanges to any given variable's
f
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 Given:
, an initial network stru ture.
{ s ( i i ), a fun tion returning the estimated ontribution to network quality that
would be a hieved by using i as i 's parents in a network. This fun tion will generally
learn a onditional distribution ( i ji ) and estimate its predi tive power, usually by
evaluating the onditional log-likelihood of a holdout set.
{ f ( i i ), another fun tion similar to s ( i i ) but that may potentially learn and
evaluate simpler distributions than s and thus require less omputational time. ( s is
\slow"; f is \fast".)
{ MAXCHANGES, a maximum number of hanges to attempt on any single variable's
parent set.
{ MAXPARS, a maximum number of parents any variable may have.
Let be a list in whi h ea h element u ontains a hild variable u, a parent variable pu ,
and a s ore u . Initialize to the empty list.
For ea h pair of variables and p 6= :
{ Let  ( 0 ) denote the set of 's parents in 0 .
{ If p 2  ( 0 ), let  =  ( 0 ) f p g; otherwise let  =  ( 0 ) [ f p g.
{ If hanging 's parent set in 0 to  would not result in a y le, add an entry u to
with u = , pu = p , and u = f (  ) f (  ).
Sort a ording to the s ores u in des ending order.
Let = 0 . For ea h variable i , ompute s ( i i ( )), where i ( ) denotes the set of
, and set CHANGETRIES( i ) to zero.
i 's parents in the network stru ture
For from 1 to j j, the length of L:
{ Let
and p denote the hild and parent variables re orded in u. If
CHANGETRIES( ) MAXCHANGES, skip to the next value of . Otherwise:
{ Let  =  ( ) [ f p g if
ontains no ar from p to , or  ( ) f p g if
already ontains su h an ar . If using  as p 's parent set in would reate a y le,
or  has more than MAXPARS variables, skip to the next value of . Otherwise:
{ In rement CHANGETRIES( ) by one. Evaluate s (  ); if it is greater than
 ( )), hange 's parent set in to  (and store (  ) for future
s(
referen e).
Return .
{
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Figure 4.12: The general form of the greedy stru ture-learning algorithm employed
in this se tion.
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parent set are attempted. A se ond fun tion S (X ; ~ ) is used to estimate the quality of these attempted ar hanges; this fun tion may be more a urate and more
omputationally expensive than S . As in the similar algorithm used in Se tion 3.3,
the s ales of the quality estimates returned by S and S may be totally di erent; the
only thing that matters is that the rankings of di erent parent sets as evaluated by
S should be highly orrelated with the rankings of parent sets as evaluated by S .
The restri tion on the number of parents per variable is used largely for omputational reasons. In parti ular, the amount of time required to learn density tree leaves
that use multilinear interpolation grows exponentially with the number of variables,
and (as our experiments will show) these are often the most a urate trees to use.
Likewise, the rationale for ontinuing to use the rankings provided by S even after
the variables' parent sets have been hanged from what they were in B0 is also one
of omputational eÆ ien y: it may be too omputationally expensive to reevaluate
an average of O(N ) possible further parent-set hanges every time an ar is added
to or removed from the network. Rather than perform these reevaluations immediately, the algorithm optimisti ally assumes that the parent-set hanges that were
most promising in B0 are still promising even after some hanges have been made to
the network.
This is the same heuristi motivating the Sparse Candidate algorithm [FNP99℄.
However, the Sparse Candidate algorithm uses this heuristi to pre ompute suÆ ient
statisti s for promising parent sets and then restri ts the network stru ture sear h
to these parent sets. On e these suÆ ient statisti s are omputed, it is possible to
qui kly perform (for example) an exa t steepest-as ent hill limbing sear h among
all network stru tures employing those promising parent sets. In this thesis, our
networks usually employ nonparametri ontinuous-distribution density estimators
rather than dis rete ontingen y tables. (While ea h individual density tree leaf
employs a parametri distribution, the number of the leaves an theoreti ally grow
unboundedly with the size of the dataset.) There are therefore no simple suÆ ient
statisti s that an be omputed; performing exa t steepest-as ent hill limbing in this
setting would be just as expensive with a xed parent set as it is with a more exible
one. The greedy algorithm presented here an be seen as an approximation of steepestas ent hill limbing in whi h approximate and sometimes \out-of-date" estimates are
used for whi h dire tions in the network-stru ture sear h spa e are steepest.
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When the initial network stru ture B0 has no ar s, MAXPARENTS is set to 1,
and S is onsistent with S , then the greedy algorithm degenerates to a maximum
spanning forest algorithm and generates the optimal network stru ture in whi h ea h
variable has at most one parent. The greedy algorithm previously des ribed in se tion 3.3 also has this property; the di eren e between the two algorithms in this ase
is that the previously des ribed algorithm is losely related to Prim's algorithm for
nding minimum spanning trees, while the algorithm in Figure 4.12 is more losely
related to Kruskal's algorithm instead (see, e.g. [CLR90℄).
As des ribed in Figure 4.12, the greedy algorithm may try evaluating parent sets
with S even when the orresponding estimated quality improvements from S are
negative. If S and S are identi al or extremely similar, it may be more pra ti al to
simply skip su h ases, sin e S is also likely to indi ate that these parent sets are
poor. In our experiments in this hapter, however, the algorithm tries su h andidate
parent sets anyways.
In these experimental results (Se tion 4.8.5), we will examine the speed and e e tiveness of several di erent methods for ranking single-ar hanges (S ), estimating
network quality during the a tual greedy sear h (S ), and omputing nal onditional
distributions for the network stru tures learned. As we will see, the ability to use different methods for these di erent tasks an allow the greedy algorithm to nd a urate
networks qui kly, parti ularly when the greedy algorithm is applied iteratively in a
fashion similar to the Sparse Candidate Algorithm.
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4.7 Marginal distribution attening
In real-world datasets, the marginal distributions of some ontinuous variables an be
quite omplex and exhibit sharp features. Modeling the marginal distribution of ea h
of these variables individually is relatively easy if one has enough data. Unfortunately,
when several variables are modeled jointly in the same density tree, it be omes diÆ ult
to model all variables' marginal distributions a urately at the same time, sin e ea h
bran h on one variable redu es the amount of data from whi h the distributions of
all the other variables are learned in ea h of the bran h's subtrees. In this se tion
we des ribe a simple data prepro essing tri k that an sometimes help alleviate this
problem.
Suppose we wish to model a probability density P (X ) over a one-dimensional
k
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ontinuous variable X . Suppose we also have a stri tly monotoni fun tion Y (X ).
Rather than learn a model of X 's distribution dire tly, we an learn a model of P (Y ).
Then, by the fundamental transformation law of probabilities, we an ompute
k

k

k

k

k

P (Xk ) = P (Yk )

dYk
:
dXk

If we have a ve tor of ontinuous variables S~ we wish to model jointly, and a ve tor
of transformation fun tions Y~ (S~ ) with one element for every X 2 S~ , this generalizes
to
dY
P (S~ ) = P (Y~ (S~ ))
:
dX
k

Y

: 2

~
k Xk S

k

k

If we an learn a ve tor of transformation fun tions Y~ (S~ ) su h that modeling
P (Y~ ) is easier than modeling P (S~ ) dire tly, and all the individual derivatives kk are
easy to evaluate, then this relationship will allow us to model P (S~ ) more a urately.
Most of the types of ontinuous distributions we use in tree leaves as dis ussed
above (namely onstant densities, exponential densities, and linearly interpolated
densities, but not Gaussian densities) an be used to trivially model onstant densities.
If we an nd a transformation Y (X ) that \ attens" the marginal distribution of
ea h variable | that is, makes it nearly onstant | then we might expe t this to
make modeling joint distributions between the transformed variables easier, sin e the
joint density approximator an then spend less of its representational power learning
the variables' marginal distributions and more on the interesting relationships between
variables.
Fortunately, su h a transformation is easy to nd. Namely, we need only learn a
model marginal distribution P (X ) for ea h variable X , and then let Y (X ) be
its umulative distribution
dY
dX

k

marg

k

k

Yk (xk ) =

k

Z x
k

1

k

k

Pmarg (x0k )dx0k :

This hoi e of Y (X ) makes the marginal distribution of Y onstant to the extent
that P (X ) a urately models the data. Furthermore, kk is simply P (X ).
Note that if all we ared about were the marginal umulative distributions, we
ould simply learn them dire tly rather than learning the marginal densities and then
integrating. For example, one trivial learning algorithm for the umulative distribution Y (x ) would be the fra tion of the observed datapoints with X < x , or the
k

marg

k

k

k

dY
dX

k

k

marg

k
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k

empiri al umulative distribution fun tion.

In addition to being unbiased, the empiri al umulative distribution fun tion also has the minimum possible varian e (see,
e.g., [S o92℄). However, this estimator would be useless for our purposes: in the end
we want a valid probability distribution over X~ , and this requires sensible estimates
for the marginal probability densities kk . This unbiased hoi e for estimating Y (x )
would give us an unbiased but extremely high-varian e marginal probability density
estimator that would be zero everywhere ex ept where the a tual datapoints lie, at
whi h points the estimated density would be in nite. Unfortunately, unlike umulative distributions, there is no single unbiased estimator for density fun tions that has
the minimum possible varian e regardless of the distribution being learned [Ros56℄.
For our marginal density estimates, we use a tree-based density estimator su h
as des ribed in previous se tions to learn ea h marginal distribution P (X ). Assuming the type of distribution used in ea h leaf an be analyti ally integrated, it is
simple to transform ea h one-dimensional density tree P (X ) into an identi ally
stru tured tree representing the orresponding umulative distribution Y (X ). To
do so, we simply perform a depth- rst traversal of the original density tree, making
sure bran hes orresponding to smaller values of X are traversed rst. Ea h leaf l
of the original density tree representing the fun tion P (X ) over the leaf's range
[a ; b ℄ be omes a new leaf representing the fun tion
k
Y (x ) = C +
P (x0 )dx0
dY
dX

k

marg

marg

k

k

k

k

k

k

l
marg

l

k

l

l
k

Z x

k

l
marg

al

k

k

where C is the sum of the integrated probabilities of all leaves already traversed.
If the density tree used to represent P (X ) also has a uniform global \sla k"
distribution added as des ribed in se tion 4.4.4, a orresponding global linear term is
added to the density tree representing Y (X ).
Figure 4.13 shows a rather pathologi al two-dimensional distribution exhibited by
two variables in the Bio dataset, along with the two-dimensional distribution resulting
when these variables are transformed so they have approximately uniform marginal
distributions. The original data exhibits strong periodi spikes in the marginal distribution of the variable orresponding to the plot's Y axis, possibly due to a quanitization artifa t of some sort that only a e ts part of the data. These spikes have
e e tively been removed from the marginal distributions of the transformed version
of the data. There are still strong dis ontinuities in the transformed joint distribution, but these dis ontinuities exist where the relationship between the two variables
hanges in an interesting fashion. The job of modeling the spikes in the marginal
marg

k

k
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k

Figure 4.13: A two-dimensional distribution from the Bio dataset: original version
(left) and transformed version in whi h both marginal distributions are approximately
uniform (right).
distributions of the variables has largely been taken over by the separate marginal
models, allowing the learner of the joint model to on entrate on this relationship.
When using joint density trees onditionally as des ribed in se tion 4.5, we need
to al ulate P (X j~ ). Given the transformation fun tions for X and ~ , and a joint
density tree representing P (Y ; Y~i ) (where Y~i is the ve tor in whi h ea h variable
X 2 ~ is repla ed with Y (X )), this an be done as follows:
i

i

i

i

i

k

i

k

k

P (Xi j~ i )

~
= P (X ~;  )
P ( )
P (Y ; Y~i )
:
=
P (Y~i )
i

i

i

i

Y

2f g[~i

k Xk Xi
Y

: 2~i

k Xk

dY
= P (Y jY~i )  dX
i

dYk
dXk

dYk
dXk

i
i

where P (Y jY~i ) is omputed with the density tree representing P (Y ; Y~i ) as des ribed
in se tion 4.5.
Note that it is unne essary to evaluate any of the original density trees P (X ) =
i

i

marg
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for the parent variables X 2 ~ . In addition to being omputationally onvenient, this means ina ura ies in the parent variables' learned marginal distributions
do not dire tly a e t the nal estimates of P (X j~ ): only those of P (X ) do.
Ina ura ies in the parent variables' learned marginals only harm the a ura y of the
nal onditional distribution by making the transformed data's marginals imperfe tly
at, whi h might make learning the joint distribution over the transformed variables
slightly more diÆ ult to learn than it would be if the marginals were perfe tly at.
This is in ontrast with what would happen if we managed to ompletely bot h the
modeling of P (X ), in whi h ase the nal onditional distribution P (X j~ ) would
probably be ina urate no matter how a urate the joint distribution P (Y jY~i ) were
subsequently modeled.
Now suppose we are sear hing for a good Bayesian network stru ture with whi h
to model the data, where ea h onditional distribution in the network will be modeled
using a onditional density tree over data transformed in the manner des ribed above.
The probability density the network models over the original N variables will be
dYk
dXk

k

i

i

marg

i

marg

i

i

i

i

i

N

Y
P (X~ ) = P (Yi(Xi )jY~i (~ i ))  Pmarg (Xi ):

i

=1

Thus, ea h datapoint's ontribution to the log-likelihood of a given network will be
N
X
i

=1

log P (Y (X )jY~i (~ )) +
i

i

N
X

i

i

=1

log P

marg

(X ):
i

The latter term in this sum is independent of  , i.e. of the network stru ture.
This means that when sear hing for the best network stru ture with whi h to model
the original data, we an simply:
i

 Learn one marginal distribution P (X ) for ea h ontinuous variable X ;
 generate the orresponding umulative distributions Y (X ) and use them to
transform all the data in one pass; then
 learn a network modeling the transformed data, without referring ba k to the
transformations (or the learned marginal distributions that generated them).
marg

i

i

i

i

When using learning joint density trees and then using them onditionally, the
marginal- attening method des ribed here helps prevent the joint density tree learner
from needlessly spending its representational power modeling hanges in ea h parent
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variables' marginal distribution that would then have no e e t on the estimated onditional distributions. Note, however, that the joint density tree learner may still waste
some of its representational power modeling relationships between two or more of the
parent variables even when these relationships have no bearing on the desired onditional distribution. One possible interesting avenue for future resear h along similar
lines would be to learn transformation fun tions that approximately atten the joint
distributions of the parent variables (rather than just their marginals). These transformed parent variables ould then be used in pla e of the originals when learning a
joint density between another variable and the parent variables.
For example, in order to atten a joint distribution between two variables, we
ould rst atten ea h of their marginal distributions using the te hnique des ribed
above. Then, we ould learn a two-dimensional density tree over both (transformed,
marginally attened) variables in whi h all the tree's leaves represent onstant densities. We ould then use this density tree to generate an additional transformation
fun tion in whi h di erent subranges of one variable result in di erent transformations
applied to the other variable. The umulative distributions required for these transformations an be obtained relatively simply from a strati ed re onstru tion of the
two-dimensional density tree generated using the algorithm des ribed in se tion 4.5.4.
This line of reasoning brings up the possibility of using a attening network in
onjun tion with the primary Bayesian network. The attening network would be a
dire ted a y li graph with a variable ordering onsistent with that of the primary
Bayesian network. For any variable X in the Bayesian network, the job of all the
nodes pre eding X 0s node in the attening network would be to approximately remove
as many dependen ies as possible from the variables they model by transforming the
variables appropriately. Ea h density tree used in the primary Bayesian network ould
then be learned from data in whi h all dependen ies between the parent variables have
been approximately removed. The learner of these density trees would then be free
to spend more of its representational power on interesting relationships between the
hild variable and the parent variables.
In this thesis, however, we will only implement and test transformations in whi h
ea h variable's marginal distribution is attened independently of all the others. (This
orresponds to using a \ attening network" ontaining no ar s.) The investigation of
more ompli ated transformation fun tions is left for future resear h.
i

i
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4.8 Experimental results
In this se tion we perform an extensive set of experiments on a variety of treebased density estimators. After des ribing the datasets and default parameters used
throughout the tests (Se tion 4.8.1), the following omparisons are made:

 In Se tion 4.8.2 we ompare the performan e of strati ed onditional density
trees (see Se tion 4.5.1) versus CART-like trees that are only allowed to bran h
on input variables.
 In Se tion 4.8.3 we ompare the performan e of strati ed onditional density trees versus joint density trees that are evaluated onditionally (see Se tion 4.5.2).
 In Se tion 4.8.4 we examine the e e ts of the approximate onditionalizing of
joint trees (see Se tion 4.5.4).
 In Se tion 4.8.5 we evaluate several di erent variations of the greedy Bayesian
network stru ture-learning algorithm dis ussed in Se tion 4.6.
 In Se tion 4.8.6 we evaluate the marginal distribution attening algorithm disussed in Se tion 4.7.
 Finally, in Se tion 4.8.7 we ompare our density-tree-based Bayesian network
models with global mixture models.

4.8.1 Datasets and default parameters

Datasets
The Bio and Astro datasets previously dis ussed in Se tion 3.4.2 had a small amount
of uniform noise added to ea h ontinuous variable value. In addition to these versions
of the Bio and Astro datasets, we also employ versions in whi h the added noise is
Gaussian instead. For the Bio dataset, we perform tests with two di erent versions
with Gaussian noise: one in whi h the added noise has a standard deviation of .001,
and another in whi h the noise has a standard deviation of .02. Comparing the results
on all three di erent Bio dataset versions will help us partially dis ern how the relative a ura ies of the various algorithms being evaluated depend on the ne-grained
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features of the distributions being modeled. Sin e the Astro dataset is signi antly
larger and therefore more time- onsuming to deal with, most of our experiments will
only be performed on the previously used version in whi h the added noise is of uniform density; however, we will sometimes perform experiments on another version in
whi h the added noise is Gaussian with a standard deviation of .001, as the situation
warrants.
We also use four syntheti datasets, ea h ontaining two ontinuous variables and
80,000 datapoints. The \Conne ted" and \Separate" datasets were both generated by
sampling from a mixture of Gaussians; the primary di eren e between the two is that
the Gaussians in the Separate dataset overlap less than in the Conne ted dataset. The
\Voronoi" dataset was generated by sampling datapoints near a set of line segments
that form a mesh over the spa e similar to the boundaries in a Voronoi tesselation of
the spa e. The \Squiggles" dataset was generated by sampling datapoints near a set
of sinusoidal one-dimensional strings.2

Default parameters
The following defaults for the density-tree learning algorithms will be used in our
experiments ex ept where we spe ify otherwise:

 The greedy bran hing variable sele tion strategy des ribed in Se tion 4.4.1 is
used.
 A bran h on a ontinuous variable is always performed on the midpoint of the
urrent bounding box (see Se tion 4.4.2).
 Post-pruning is used rather than stopping (see Se tion 4.4.3). 25% of the training data is held out for pruning. At least 10 datapoints must satisfy a given
leaf's onstraint set for a bran h to be onsidered.
 25% of the remaining training data is held out for evaluating di erent hoi es
of bran hing variables.
 All Gaussian and linear-regression leaves are renormalized as des ribed in se tion 4.2.2.
2

Thanks to Andrew Moore for generating these datasets.
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 The EM algorithm employed for tting linearly (Se tion 4.2.4) and multilinearly
(Se tion 4.2.5) interpolated leaves is initialized at the uniform distribution and
is run for 10 iterations. A maximum of 25  2 randomly sele ted datapoints
are used to t any single d-dimensional multilinear interpolation; a maximum
of 25  2  d datapoints are used to t any single linear interpolation in whi h
ea h variable is modeled independently. (Informal experiments not des ribed
further in this thesis indi ated that running EM for 20 iterations and using all
datapoints rather than a sample of this size did not result in signi antly more
a urate trees, and in urred onsiderable additional omputational expense. We
have not yet attempted experiments in whi h the number of iterations or sample
sizes are smaller; it is possible these algorithms ould be sped up even further
without signi ant loss of a ura y.
 The global uniform \sla k" distribution (see Se tion 4.4.4) is assigned a probability mass of 10 datapoints' worth, i.e. = 10+10 , where R is the number
of datapoints in the training set. Half a datapoint's worth of mass was used
for per-bran h smoothing of P (L) and P (S~ jl). These values were hosen without areful study; informal experimentation has suggested that their values are
largely irrelevant as long as they're within roughly the same order of magnitude.
(Assuming pruning of some sort is employed, as it is in our experiments | other
informal experiments in whi h xed-depth trees were learned exhibited mu h
greater sensitivity to the exa t amount of smoothing employed.)
 Marginal distribution attening (se t 4.7) is not performed.
d

R

l

i

4.8.2 Conditional density trees: one-level (CART-style) vs.
strati ed
In this se tion, we ompare the performan e of two CART-like tree-based estimators
with the performan e of three di erent strati ed tree-based estimators as des ribed
in Se tion 4.5.1. For a ontinuous hild variable, the leaves of the single-level trees
ontain either (1) a Gaussian distribution over the hild variable independent of the
parent variables' values, or (2) a Gaussian distribution over the hild variable whose
mean is a linear fun tion of the parent variables, as determined by linear regression.
(See Se tion 4.2.2.) The leaves of the strati ed trees an ontain either of the types of
Gaussian distributions used in the single-level trees, or uniform distributions over the
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ranges of the hild variable's values that are onsistent with the leaves' onstraints.
For the two-dimensional syntheti datasets, the task is to learn the onditional
distribution P (X2jX1 ). For the \real" datasets (Bio and Astro), the task is to learn
a joint distribution over all variables by learning all the onditional distributions
required by a Bayesian network with a xed stru ture. (Experiments in whi h the
stru ture is learned will be performed later in Se tion 4.8.5.) These stru tures were
taken from previous stru ture-learning experiments performed for Se tion 3.3. The
Bio dataset's network has 50 ar s between the 31 variables, with the number of
parents for any parti ular variable varying from zero to four. The Astro dataset's
network has 107 ar s between the 68 variables, with the number of parents for any
parti ular variable varying from zero to three. For the Bio dataset, we perform
multiple experiments in whi h di erent types and magnitudes of noise are added to
the data: uniform noise with a width of .001, Gaussian noise with a standard deviation
of .001, and Gaussian noise with a standard deviation of .02.
Figures 4.14 and 4.15 summarize the results. For ea h dataset/model ombination,
the mean log-likelihood of the test set in a ten-fold ross-validation is reported, as
well as the empiri ally estimated 95% on den e interval of this mean. The algorithm
with the highest mean for a given dataset is shown in bold itali s, as are all other
algorithms whose means are not lower than it with a statisti al signi an e of at
least 95% (a ording to a Student's t-test). The mean time required to learn ea h
model on ea h dataset is also shown. (The time listed is the mean for one of the rossvalidation folds, not for all ten. We omit on den e intervals on these means sin e any
speedup fa tor of, say, two or more was de nitely onsistent, and any speedup fa tor
of mu h less than that is of dubious pra ti al signi an e and is undoubtedly very
implementation-dependent.) The ma hines used for the experiments were otherwise
unloaded Pentium- lass ma hines with lo k y le speeds ranging from 400 to 500
MHz. All ne essary I/O was performed outside of the timing loops, and all tests
involving any given dataset were always performed on the same ma hine.
On all datasets, it is lear that the strati ed trees provide mu h more a urate
density estimation than single-level CART-style trees, regardless of whether ea h
leaf of the single-level trees uses linear regression or a simple Gaussian distribution
over the hild variable. This omes as no surprise for the synthethi datasets where
the onditional distributions are obviously multimodal, but the results on the real
datasets are worth noting. For example, the di eren e in test-set log-likelihood be113
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Figure 4.14: Experimental omparison of CART-like vs. strati ed onditional density
trees on syntheti datasets
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Figure 4.15: Experimental omparison of CART-like vs. strati ed onditional density
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tween \Single-level Linear Regression" and \Strati ed Linear Regression" on the \Bio
.001 Gaussian" dataset is approximately 18300. In other words, a ording to the testset data, the strati ed model appears more likely than the one-level model by a fa tor
of approximately e18300 in the absen e of any prior information. More realisti ally,
sin e there are approximately 1267 items in ea h test set, this means that ea h individual datapoint in the test set was more likely to have been generated by the strati ed
model than the one-level model by a fa tor of approximately e14 4  2; 000; 000. If we
further divide by the number of variables (31), we see that, on average, ea h variable
value was more likely under the strati ed model than the one-level model by a fa tor of e 47  1:6. Similarly, the di eren e in the log-likelihoods of \Strati ed Indep.
Gaussian" vs. \Single-level Linear Regression" on the \Astro .001 Uniform" dataset
works out to an average fa tor of e35 7  3  1015 per datapoint, or e 525  1:7 per
variable value.
Using linear regression within the tree leaves appears to perform no better than
simple Gaussian distributions on the syntheti datasets, ex ept perhaps on the Squiggles dataset when they were used with strati ed density trees. It does appear to help
signi antly on the various versions of the Bio dataset. At rst, linear-regression
leaves did not work at all on the Astro dataset: sometimes the predi ted onditional
mean for a datapoint in the test set was so far away from the orre t leaf's bounding box that the estimated integral of the onditional Gaussian within that leaf was
0, ausing the renormalization to fail. In order to address this problem, we modied our ode so that it swit hes the onditional distribution of the leaf to a uniform
distribution in su h pathologi al ases. This allowed us to a quire a result showing
that linear-regression leaves an provide better log-likelihoods than simple Gaussiandistribution leaves on the Astro dataset, at least in the ase of single-level CART-style
trees. However, the orresponding experiment for strati ed trees was aborted after it
was determined that it would take several CPU-days to omplete.
Strati ed trees with uniform-distribution leaves were signi antly more a urate than those with Gaussian or linear-regression leaves on most of the syntheti
datasets; learning them was slightly faster than learning trees with Gaussian leaves,
and mu h faster (by a fa tor of 4 or so) than learning trees with linear-regression
leaves. However, uniform-distribution leaves performed signi antly worse on the
Squiggles dataset and in some instan es of the Bio dataset.
The fa t that Gaussian leaves an be less a urate than simple uniform-density
:

:

:

:
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leaves in strati ed trees may be partially due to the fa t that the onditional density
estimated for any ombination of parent values will have a \bump" for every leaf in
the tree, as dis ussed in Se tion 4.2.2. This problem might be xed by using a more
ompli ated optimization routine that ts the Gaussian while taking trun ation and
renormalization into a ount, as hinted in Se tion 4.2.2. Unfortunately, this would
probably slow the learning pro ess down onsiderably, and it is not lear whether it
ould feasibly be generalized to handle the ase of linear-regression leaves.
Strati ed density trees an require almost an order of magnitude more omputational time to learn due to the more ompli ated nature of the tree stru ture sear h
spa e. It may be possible to develop e e tive strati ed density tree algorithms that
do not take as mu h time to learn. However, as we will see in the next se tion, it
is already mu h faster to learn joint density trees and then use them onditionally
(as des ribed in Se tion 4.5.2); surprisingly, this an result in more a urate density
estimation as well.

4.8.3 Conditional density estimation: strati ed trees vs. joint
trees
In this se tion we ompare the performan e of the strati ed onditional density trees
des ribed in Se tion 4.5.1 with the performan e of joint density trees used onditionally as des ribed in Se tion 4.5.2. As noted in Se tion 4.5.4, there are several
di eren es in how these two di erent kinds of density trees are learned that would
ause us to expe t their a ura ies to be di erent:

 The stru ture of strati ed trees is optimized for the spe i onditional distribution for whi h the tree will be used, while the stru ture of joint trees is not.
We might expe t this to ause strati ed trees to be more a urate than joint
trees.
 The stru ture of strati ed trees is less exible than the stru ture of joint trees,
as dis ussed previously in se tion 4.5.4. We might expe t this to ause strati ed
trees to be less a urate than joint trees.
 Joint trees employing leaves with nonuniform distributions over the parent variables are in a sense using \soft bran hes" that help them to predi t X as a
fun tion of ~ more exibly without a tually splitting the data into ompletely
i

i
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disjoint subsets a ording to ~ . We might expe t this to ause strati ed trees
to be less a urate than joint trees.
i

We attempt to gauge the impa t of ea h these di eren es separately by testing
eight di erent onditional density-tree algorithms:

 Strati ed density trees employing uniform-distribution leaves. This algorithm
is listed as \Strati ed Cond Uniform" in Figures 4.16 and 4.17, and is the same
as the \Strati ed, Uniform" algorithm employed in Figures 4.14 and 4.15.
 Joint density trees employing uniform-distribution leaves. These joint trees are
then used onditionally as des ribed at the beginning of Se tion 4.5.2. This
algorithm is listed as \Joint Uniform" in Figures 4.16 and 4.17.
 Strati ed density trees in whi h ea h leaf has a linearly interpolated distribution
over X that is independent of ~ . This algorithm is listed as \Strati ed Cond
Linear" in Figures 4.16 and 4.17.
 Joint density trees in whi h ea h leaf models ea h variable independently with
a linearly interpolated density as des ribed in Se tion 4.2.4. This algorithm is
listed as \Joint Indep. Linear".
 Joint density trees in whi h ea h leaf models the ontinuous variables jointly
using multilinear interpolation as des ribed in Se tion 4.2.5. This algorithm is
listed as \Joint Multilinear".
 Strati ed density trees in whi h ea h leaf models the ontinuous variables jointly
using multilinear interpolation. The distribution within ea h leaf is learned using the same algorithm as would be used in the analogous joint density tree.
However, ea h leaf l's joint distribution P (X ; ~ jl) is then only used to ompute the onditional distributions P (X j~ ; l) required for the strati ed tree's
onditional density estimation algorithm. This algorithm is listed as \Strati ed
Cond Multilinear".
 Density trees that are identi al to the previously listed \Joint Uniform" trees
ex ept they are stru tured like strati ed density trees, i.e., with all bran hes on
~ before any bran hes on X . However, while the tree has this restri tion, it
stru ture is still being optimized for joint log-likelihood rather than onditional
log-likelihood. This algorithm is listed as \Strati ed Joint Uniform".
i
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 Density trees that are identi al to the previously listed \Joint Multilinear",
ex ept they are stru tured like strati ed density trees. This algorithm is listed
as \Strati ed Joint Multilinear".
Figures 4.16 and 4.17 show how these algorithms performed on most of the same
learning tasks used in the previous set of results (Figures 4.14 and 4.15). (Due to the
extreme amounts of omputational time taken on the Astro datasets by the Stratied algorithms, we restri t ourselves here to one of the Astro dataset versions, and
have not yet tested the \Strati ed Joint Uniform" or \Strati ed Cond Multilinear"
algorithms.)
Several notable patterns an be seen in this set of results. Overall, however, the
most important thing to note is that the joint density trees were always mu h faster
to learn than strati ed onditional density trees, and this additional speed ame with
little loss of predi tive a ura y | in fa t, when the trees' leaves employed nonuniform
distributions, joint density trees were more a urate than strati ed density onditional
trees.
The di eren es in the a ura y of the various algorithms were relatively small on
the two-dimensional Conne ted, Separate, and Voronoi datasets | at most ve or six
times the standard deviations of the test-set log-likelihoods' estimated means. (The
listed un ertainties are for 95% on den e intervals, or two standard deviations in
ea h dire tion.) However, the di eren es be ome more signi ant on the real datasets,
where higher-dimensional density trees are being employed and the distributions being
modeled have sharper features. Whether these di eren es are of a tual pra ti al
signi an e depends on the appli ation. For example, the di eren e in the test-set
probabilities of the Joint Uniform vs. Joint Multilinear algorithms on the \Bio .001
uniform" dataset works out to a fa tor of approximately 97 per datapoint, or 1.16
per variable value. The di eren e in the test-set probabilities of the Joint Multilinear
vs. Conditional Uniform algorithms on the \Astro .001 uniform" dataset works out
to roughly a fa tor of 127 per datapoint, or 1.07 per variable value.
Comparing the results of the Strati ed Cond Uniform and Strati ed Joint Uniform
alogrithms shows that when the leaf distributions are uniform, Strati ed onditional
density trees do in fa t appear slightly more a urate than joint density trees that
are restri ted to the same Strati ed stru ture. This is to be expe ted, sin e the only
real di eren e between these two algorithms is that the Strati ed Cond Uniform treelearning algorithm is optimizing for the appropriate onditional distribution, whereas
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Figure 4.16: Experimental omparison of strati ed onditional density trees vs. joint
density trees on syntheti datasets
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Figure 4.17: Experimental omparison of strati ed onditional density trees vs. joint
density trees on s ienti datasets
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the Strati ed Joint Uniform algorithm is optimizing for the joint.3 However, these
di eren es are small, parti ularly on the two-dimensional syntheti datasets.
Comparing the results of the Strati ed Cond Uniform and Joint Uniform algorithms suggests that when the uniform-leaf joint density trees are freed from the
stru tural restri tions of strati ed trees, this added exibility an o asionally make
up for the fa t that they are optimized for the wrong distribution (i.e. joint rather
than onditional), as it appears to do in the Squiggles, Gaussian-noise Bio, and Astro
datasets. However, on many of the other datasets it appears to make no signi ant
di eren e.
The pi ture hanges when nonuniform leaf distributions are employed. The joint
density trees employing nonuniform leaf distributions (Joint Indep. Linear and Joint
Multilinear) onsistently and signi antly outperform all strati ed onditional density
trees (Strati ed Cond Uniform, Strati ed Cond Linear, and Strati ed Cond Multilinear) both in terms of learning speed and predi tion a ura y. This in reased predi tion a ura y o urs despite the fa t that they are optimized for joint distributions
rather than the onditional distributions for whi h they are subsequently used.
Comparing the Strati ed Cond Multilinear and Strati ed Joint Multilinear algorithms allows us to spe i ally test the \soft bran hing" hypothesis. Even when joint
density trees are restri ted to have the same stru ture as onditional density trees,
the fa t that they learn the parent variables' distributions in the leaves allows them to
predi t the output variables more a urately than the orresponding strati ed onditional density trees in whi h the parent variables' distributions are not modeled in the
leaves. The results on the Squiggles, Bio, and Astro datasets all lend support to this
hypothesis. (The results on the other syntheti datasets are also positive, but only
slightly so.) By themselves, these results do not ex lude the possibility that the differen es in a ura y were due entirely to subtle di eren es in tree stru ture aused by
the di erent optimization riteria ( onditional log-likelihood vs. joint log-likelihood);
however, other experimental results in Appendix A.2 show this is not the ase.
In all experiments with joint density trees, trees employing nonuniform leaf distributions were signi antly more a urate than those employing uniform leaves. Trees
A tually, this is not quite true, sin e the \Uniform" leaves in our trees still have non- onstant
distributions over any dis rete variables they model, so some \soft bran hing" may still o ur due to
these dis rete variables. However, there are no dis rete variables in the syntheti datasets, and only a
few in the Bio and Astro datasets. Furthermore, further supplemental experiments in Appendix A.2
ontrol for this di eren e.
3
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Figure 4.18: Experimental omparison of strati ed onditional density trees vs. joint
density trees: higher network onne tivity
using multilinear interpolation were more a urate than those employing independent
linear interpolations, and this in reased a ura y is statisti ally signi ant; however,
this di eren e is not dramati , and omes at signi ant additional omputational
expense.
One might worry that the parti ular network stru tures used in the above experiments happen to be parti ularly favorable to the density-tree algorithms that learn
joint distributions that are then used onditionally, as opposed to the strati ed onditional density trees. After all, the network stru tures used here were generated during
previous experiments with Mix-nets (Chapter 3), whi h also learned joint distributions that were used onditionally; furthermore, the network stru tures used here are
rather sparse. As a followup experiment, we used the greedy network-learning algorithm des ribed in Se tion 4.6 on a version of the Astro dataset dis retized with 4
bu kets per variable, using strati ed onditional density trees to model the dis retized
data. No a priori restri tion on the number of parents per variable was enfor ed. This
produ ed networks with an average of approximately three parents per variable, or
roughly twi e the number of parents per variable in the network employed in the tests
above. We ompared the performan e of \Joint Lin. Int." with \Strati ed Cond Lin"
density trees using these network stru tures, using a mu h faster ma hine than the
ma hines employed for the other experiments in this thesis. The results, shown in
Figure 4.18, show that \Joint Lin. Int." is still signi antly more a urate.

4.8.4 Approximate onditionalizing of joint trees for fast evaluation
In this se tion we evaluate the algorithm proposed in Se tion 4.5.4 for \ onditionalizing" joint density trees so onditional probabilities an be omputed qui kly.
We ompare four algorithms. The rst two are the \Strati ed Cond Linear" and
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\Joint Lin. Int." algorithms des ribed in the previous se tion. The third, \Joint
LI Conditionalized", is the same as \Joint Lin. Int.", ex ept the resulting joint
density tree is supplemented with a onditionalized joint density tree (as des ribed in
Se tion 4.5.4) whi h is used to speed up the exa t evaluation of onditional densities
from the joint density tree by providing pointers dire tly to the relevant nodes in the
original tree. The fourth algorithm, \Joint LI Approx. Cond.", is the same as the
third, but the onditionalized density tree is evaluated approximately as
P (x j~ ) = P (x j~ ; l )
where l is the joint density tree leaf onsistent with both x and ~ , and the 's
are omputed as des ribed in Se tion 4.5.4. Figures 4.19 and 4.20 summarize the
results. As before, the \Learn time" listed is the average training time per rossvalidation fold. The evaluation time listed is the average time per ross-validation
fold required to evaluate the onditional log-likelihoods of all modeled variables in
the entire dataset (that is, both the training and test sets).
The results learly show that approximately onditionalized joint density trees an
be used to al ulate onditional probability mu h more qui kly than non onditionalized joint density trees. The speedup fa tor ranges roughly from 7 to 25 in these
parti ular experiments; it is greatest on the syntheti datasets sin e two-dimensional
problems tend to be the most expensive ase for the onditional evaluation of joint
density trees (see Se tion 4.5.2). Some of this speedup | roughly a fa tor of 2 in all
ases | was due to the qui ker a ess to the leaves of the original joint density tree
provided by the onditionalized tree's stru ture. The remainder of the speedup was
due to the approximate evaluation pro edure in whi h only the single leaf onsistent
with both the hild variable value x and parent variable values ~ is evaluated.
This approximate evaluation auses a noti able amount of a ura y to be lost on
problems in whi h the distributions have sharp features, su h as the Squiggles and
small-noise Bio datasets. On many other problems, however, in luding the Astro
dataset, no signi ant a ura y is lost. Furthermore, onditionalized joint density
trees are still signi antly more a urate than strati ed onditional density trees, and
an be learned mu h faster (by a fa tor of roughly 3 to 6 in our experiments). Thus,
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onditionalized joint density trees represent a useful ompromise between the learning
speed and a ura y of joint density trees and the evaluation speed of onditional density
trees.

One possible way to improve the a ura y of onditionalized joint trees would
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Figure 4.19: Experimental results for approximate onditionalizing on syntheti
datasets
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Figure 4.20: Experimental results for approximate onditionalizing on s ienti
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be to re ne the subtrees over the input variables ~ further before bran hing on X
begins. Multiple re ned subtrees orresponding to di erent values of ~ would then
have identi al subtree stru tures over X , and would point to identi al sets of leaves in
the original joint tree; the only di eren es between them would be in the interpolation
oeÆ ients they used to approximate P (l j~ ). Determining whether to re ne a
given subtree over ~ would be a matter of expli itly trading o the additional memory
and evaluation-time omputational osts versus the resulting in reased a ura y; we
do not investigate this issue further in this thesis.
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4.8.5 Network stru ture-learning algorithms
In this se tion we evaluate the speed and a ura y of several variations of the greedy
network-learning algorithm dis ussed in Se tion 4.6.
Our rst set of experiments onsists of several di erent algorithms applied to
the version of the Bio dataset in whi h uniform noise of magnitude .001 has been
added. Throughout all the experiments, we set MAXPARS (the maximum number of
parents any given variable an have) to 5 and MAXCHANGES (the maximum number
of parent-set hanges to attempt on any one variable during any single iteration
of the greedy algorithm) to 10. MAXPARS was tuned to this value by observing
that density trees with greater numbers of parent variables never provided mu h
additional predi tion a ura y, and were very omputationally expensive to learn;
this value of MAXCHANGES was simply the rst we tried. (See Appendix A.2
for an experiment in whi h a value of 1 was also tried for MAXCHANGES.) Both
S (X ; ~ ) and S (X ; ~ ) estimate the goodness of a given parent set ~ for a given
variable X by learning a density tree of some sort using 75% of the training data
and then evaluating the onditional log-likelihood of the remaining 25%; however, the
types of density trees they employ may be di erent. In these experiments we do not
onditionalize the joint density trees.
Ea h of the algorithms is run for several iterations. Ea h iteration of a given
algorithm uses the network returned by the previous iteration of the same algorithm
for its initial network B0 . The rst iteration of ea h algorithm is provided the empty
network B0 = B , ex ept one algorithm that is instead initially provided with the best
network stru ture found by a sto hasti sear h algorithm on a dis retized version of
the data.
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After ea h iteration, we measure the quality of the resulting network stru ture
with respe t to another density tree learning algorithm, whi h may be di erent from
any of the density tree learning algorithms used during the a tual network stru turelearning pro edure. In most experiments, the density trees used for this measurement
will be joint density trees employing multilinearly interpolated leaves, sin e these tend
to provide better nal density estimates than those employing other types of leaves.
First, we examine the impa t on speed and a ura y of using ompletely disretized versions of the dataset during di erent phases of the greedy network-learning
algorithm. We ompare the following variations:

 Versions where a dis retized version of the dataset is used for both S (the
learning algorithm used to evaluate all possible ar hanges at the beginning of
any given iteration) and S (the learning algorithm used to evaluate the quality
of a andidate parent set throughout the greedy network-learning pro ess). We
try two di erent dis retizations of the dataset: one in whi h ea h variable has
been quantized into 4 bins, and another in whi h ea h variable has been quantized into 8 bins. Ea h variable is quantized independently of all the others; the
boundaries of the bins are sele ted so that roughly the same number of datapoints lie in ea h bin. Density trees are still used to model the distributions
of these dis retized variables, but the parti ular density tree learning algorithm
used makes the resulting models very similar to the ontingen y tables typially used in dis rete-variable Bayesian networks: namely, we employ strati ed
onditional density trees (Se tion 4.5.1) that use the \taking turns" algorithm
for sele ting bran h variables (Se tion 4.4.1), with pruning disabled. This e e tively implements a \sparse array" representation of a ontingen y table. These
versions of the algorithm are labeled \Dis 4!ML" and \Dis 8!ML" a ording
to the number of dis retization bins used per variable.
 Versions where a dis retized version of the dataset is used for S , but S uses
joint density trees with uniform-density leaves to model the original ontinuous data. These versions of the algorithm are labeled \Const w/Dis 4 Ar
S ores!ML" and \Const w/Dis 8 Ar S ores!ML" a ording to the number
of dis retization bins S uses per variable.
 A version of the algorithm where joint density trees with onstant-density leaves
are learned on the original ontinuous data for both S and S . This version is
labeled \Const!ML".
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Figure 4.21 summarizes the results. The plot has one line for ea h of the ve
algorithm variations; ea h point on ea h line represents one iteration of that algorithm. The time asso iated with the n point for a given algorithm in ludes the
time required for iterations 1 through n of the algorithm, plus the time required to
learn joint multilinear density trees for the variable ombinations o uring in the network stru ture returned by the n iteration. The log-likelihood asso iated with the
n point is the mean test-set log-likelihood of the Bayesian network with the stru ture learned by the n iteration and the onditional distributions determined by the
subsequently learned joint multilinear density trees. (These means are over 10-fold
ross-validations. The verti al error bars are the 95% empiri ally estimated on den e intervals of these means.) The results of every algorithm's rst iteration does
appear in the plot; the lines oming up from the bottom of the plot are oming from
\Iteration 0" of all the algorithms, whi h orresponds to using an empty network.
Unsurprisingly, the Dis 4!ML and Dis 8!ML algorithms were the fastest per
iteration. However, the resulting network stru tures were not parti ularly useful
for the nal parameterizations over the original ontinuous data. The performan e
was also quite sensitive to the dis retization level used | Dis 4 performed mu h
worse than Dis 8. The network stru tures returned by the Dis 4 algorithm's early
iterations also aused the subsequent multilinear density tree learning to take mu h
more omputation. (The urve for Dis 4 doubles ba k on itself be ause it was faster
to perform two iterations of the greedy algorithm using the dis rete data and then
reparameterize the network with multilinear density trees than to only perform one
iteration of the greedy algorithm before reparameterizing.)
The algorithms (\Const w/Dis 4 Ar S ores!ML" and \Const w/Dis 8 Ar
S ores!ML) that used dis retized data for S but uniform-leaf density trees over
the original data for S found signi antly better networks in almost as little time
as the algorithms whi h also use dis retized data for S . They were also mu h less
sensitive to the parti ular level of dis retization used.
The algorithm (\Const!ML") that employs uniform-leaf density trees for both S
and S takes signi antly more time per iteration than any of the others. After a few
iterations, it does nd networks that are more a urate, with statisti al signi an e;
however, this requires three or four time- onsuming iterations, and the di eren e in
a ura y is still relatively small.
Next we ompare the e e t of using di erent kinds of density trees for the reparamth
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Figure 4.21: Bio dataset stru ture-learning experiments: e e ts of using dis retized
distributions for quality estimates.
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Figure 4.22: Bio dataset stru ture-learning experiments: e e ts of di erent reparameterizations of the same network stru tures.
eterization of the networks after ea h iteration of the greedy algorithm. The greedy
algorithm used in all the following variations uses density trees with onstant-density
leaves for both S and S . (Dis retized versions of the dataset are never used.) After
ea h iteration, we test the e e tiveness of using four di erent kinds of density trees to
parameterize the resulting network stru ture. These four density tree algorithms are
identi al ex ept for the kinds of leaf distributions they employ: onstant, exponential, independent linear, or multilinear. (See Se tion 4.2.) The algorithms are labelled
\Const!Const", \Const!Exp", \Const!IL", and \Const!ML", a ordingly. Figure 4.22 shows the results.
Despite the fa t that the greedy stru ture-learning algorithm is optimizing the
stru ture while using density trees with onstant-density leaves, all the other density tree types work better than onstant-leaf density trees on the resulting network
s
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stru tures. The di eren es in the a ura ies of the four tree types is quite onsistent throughout multiple iterations of the stru ture-learning algorithm. Multilinear
interpolation produ ed the most a urate density estimation, followed by independent linear interpolation, exponential distributions, and onstant distributions, in
that order. Further note that the nal a ura y of the \Const!Const" algorithm is
signi antly worse than a ura ies of any of the previously evaluated learning algorithms that employ multilinear density trees for their nal distributions, ex ept for
the \Dis 4" algorithm.
Finally, we ompare the previous \Const!ML" network learning algorithm with
two others. The rst learner, \ML!ML", uses density trees with multilinearly interpolated leaves throughout the entire learning pro ess | that is, for S , S , and the
nal networks. The se ond learner is identi al to the \Const!ML" algorithm, ex ept
it is initialized with a non-empty network stru ture. This stru ture was learned using
a sto hasti sear h pro edure on a dis retized version of the dataset (with 8 dis retization bins per variable). AD-Trees ([ML98℄; see this referen e for the des ription of
the sto hasti searh algorithm as well) were used to speed up the sear h. The best
network found during 100,000 iterations of the sear h was used for this se ond variation of the greedy algorithm, whi h we label \Dis Sear h!Const!ML". The results
are shown in Figure 4.23.
Only two iterations of the \ML!ML" ould be run due to the large amount of time
required per iteration. Furthermore, the result at the end of ea h these two iterations
was no better than the result of the orresponding iteration of \Const!ML", whi h
ran many times faster. This suggests that using density trees with onstant-density
leaves is a more e e tive strategy during the network stru ture sear h, despite the
fa t that multilinear density trees are mu h better andidates for the nal network
parameterizations.
The results of \Dis Sear h!Const!ML" were similarly unimpressive. The
100,000-iteration sto hasti sear h over network stru tures provided a starting network stru ture that was signi antly less useful for modeling the original ontinuous
data than the stru ture found by a single iteration of the greedy algorithm intialized
from the empty network, whi h required mu h less time.4 When the greedy algorithms
are run for three iterations from their starting points, the greedy algorithm that had
f
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Note that an \iteration" of our greedy algorithm involves mu h more work than an \iteration"
of the sto hasti sear h pro edure; omparing numbers of iterations between the two algorithms
would be meaningless.
4
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Figure 4.23: Bio dataset stru ture-learning experiments: omparing vs. more expensive algorithms.
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been initialized with the network found by the sto hasti sear h pro edure returns a
network that is less a urate than that found by an identi al greedy algorithm started
from the empty network.
Now we turn our attention to the Astro dataset. (Again, we will only use the
version in whi h uniform noise of magnitude .001 has been added.) In the following
experiments we will use the same learning parameters as in the Bio dataset; however,
in order to keep the omputational time tra table, we restri t S and S to use a
maximum of 10000 training points and 2500 evaluation points. After ea h iteration of
the greedy network-learning algorithm, the quality of the resulting network stru ture
is evaluated by reparameterizing the network with joint multilinear density trees
learned with the entire training set.
Due to the amount of CPU time required for stru ture-learning experiments on this
dataset, we try a smaller set of variations of the greedy network-learning algorithm:
\Dis 4!ML", \Dis 8!ML", \Const w/Dis 8 Ar S ores!ML", and \Const!ML".
We also in lude an experiment in whi h the previously mentioned sto hasti sear h
algorithm is employed for 100,000 iterations on a version of the dataset that has
been dis retized to 8 values per variable and restri ted to a randomly sampled 10,000
training datapoints. (We also tried using 10,000 iterations on 100,000 datapoints
instead; this took about the same amount of time but the learned networks were
slightly less a urate.) This nal algorithm is labelled \100000-it Dis 8 Sear h!ML".
The results are shown in Figure 4.24. The Dis 4!ML algorithm is not shown
on the plot be ause it performed extremely poorly: attempting to reparameterize
the network found by the rst iteration with multilinear density trees took over four
hours (per ross-validation fold), and the resulting networks were less a urate than
those found by the rst iteration of any of the other greedy learning algorithms.
On the other hand, the Dis 8!ML algorithm performed very well on this dataset,
nding networks about as a urate as those found by any of the other algorithms but
in signi antly less time. Const w/Dis 8 Ar S ores!ML found networks of about
the same quality, but in somehat more time. Const!ML had still not quite found
networks of the same quality after over twi e as mu h time as Const w/Dis 8 Ar
S ores!ML. Using the sto hasti sear h pro edure on the dis retized data (\100000it Dis 8 Sear h!ML") produ ed network stru tures that were less a urate than any
found by any versions of the greedy algorithm.
While we do not supply a graph here similar to Figure 4.22 omparing the use of
s
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Figure 4.24: Astro dataset stru ture-learning experiments.
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di erent kinds of density trees for the nal network parameterizations, Se tion 4.8.6
in ludes results for su h a omparison. As in the Bio dataset, trees employing multilinearly interpolation appear to result in the most a urate nal density estimators.
The stru ture-learning results on the Astro and Bio dataset suggest that being
able to use di erent types of density trees for di erent stages of the network-learning
algorithm an be very useful for nding a urate networks in a reasonable amount of
time. In parti ular, using simple ontingen y-table-like density trees over dis retized
data for S appears desirable to maintain reasonable speed, but using them for S as
well an ause the algorithm to be very sensitive to the dis retization level used and
an sometimes lead to poor a ura y. Using density trees with multilinearly interpolated leaves appears to be the most a urate hoi e for the nal parameterization of
the networks.
The results also suggest that our greedy network-learning algorithm is apable of
nding a urate networks quite qui kly ompared to the sto hasti sear h pro edure
we tested against. However, it may be that the parti ular sto hasti sear h pro edure
used here was not parti ularly eÆ ient; further study is warranted.
f
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4.8.6 Marginal distribution attening
In this se tion we examine the e e ts of the marginal distribution attening algorithm
dis ussed in Se tion 4.7 on density trees employing onstant, exponential, independent
linear, or multilinear leaves. Experiments are performed on both the Bio and Astro
datasets, with multiple types and magnitudes of noise added to them. In addition
to gauging the usefulness of marginal distribution attening, these experiments also
serve to ompare the e e tiveness of the di erent leaf distributions.
For ea h dataset, the same network stru tures are used a ross all algorithms.
The network stru tures used were found via running four iterations of the \Const
w/Dis 8 Ar S ores" version of the greedy stru ture-learning algorithm (see the previous se tion for details). The network stru ture used during a parti ular fold of the
ross-validation was learned using only the training data for that fold. (These results
are thus not dire tly omparable with those in se tions previous to Se tion 4.8.5.) Figures 4.25 and 4.26 summarize the results. (The times required to learn the network
stru tures are not in luded in the listed learning times.)
The results show that using the marginal distribution attening algorithm an
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Figure 4.25: Experimental results for marginal distribution attening on Bio datasets
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signi antly in rease a ura y in some situations where the marginal distributions
exhibit sharp features, although it also de reases a ura y in other situations. In
parti ular, it signi antly helped all of the di erent density tree types on the Bio
.001 Uniform dataset, and the uniform-leaf and exponential-leaf trees on the Bio
.001 Gaussian dataset. (It also helped the exponential-leaf trees on both the Astro
.001 Uniform and Astro .001 Gaussian datasets, but as we will dis uss shortly this
is probably mostly due to a pe uliarity of the exponential distribution that auses
it to intera t poorly with the greedy variable sele tion method employed by the tree
stru ture-learning algorithm.) This suggests that marginal distribution attening an
be a useful tool in ases where the variables are known to have ompli ated marginal
distributions. However, it should not be applied blindly.
The learning times listed for the algorithms with marginal distribution attening
in lude the extra times required to learn all the one-dimensional density trees for the
attening pro ess. Notably, the total learning times with attening were nevertheless
often shorter than the learning times without. This is probably due to the fa t that
marginal distribution attening tends to result in density trees of more even depth
when the midpoint bran h threshold method is used. Density trees of even depth
are faster to learn than skewed ones be ause on average ea h datapoint is involved in
fewer leaf-learning attempts.
Throughout these results, multilinear interpolation almost always resulted in the
most a urate density estimation, the ex eptions being on the low-noise Bio datasets
when marginal distribution attening was employed, in whi h ase exponential leaves
worked better. However, it was also the most omputationally expensive, and the differen e in a ura y between multilinear interpolation and independent interpolation
was statisti ally insigni ant on the Astro datasets. Both multilinear and independent
interpolation resulted in signi antly greater a ura y than onstant-density leaves
in all tests.
The performan e of the exponential-distribution trees was notably in onsistent |
the best of all the estimators on the Bio .001 Uniform distribution when marginal distribution attening was used, but the worst of all on the Astro datasets when it was
not used. An examination of the Astro datasets and the properties of the trun ated
exponential distribution reveals one possible explanation. The Astro dataset has several variables in whi h the marginal distributions' means are very lose to zero. As it
turns out, the trun ated exponential distribution has the following property: when a
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variable's distribution is on entrated lose to one side of a leaf, repla ing that leaf
with a one-level density stump bran hing on that variable with a threshold anywhere
near the enter of the old leaf auses only a very small hange in the log-likelihood
of the data. This auses the greedy bran h variable sele tion me hanism to prefer
bran hing on other variables when exponential leaves are being used, whereas the
other leaf distribution types we examine will tend to bran h on the variable with the
skewed distribution, whi h tends to eventually lead to more a urate trees. The fa t
that the marginal distribution attening algorithm helps exponential-leaf density trees
more than it helps others is probably due to the fa t that the attened distributions
trigger this pathologi al behavior less frequently. Supplemental experiments in Appendix A.2 provide further eviden e that the problems with exponential-distribution
leaves are indeed aused by poor intera tions with the greedy variable sele tion algorithm. It may be possible to improve the a ura y of exponential-leaf density trees
by spe ial- asing this situation or using better bran h threshold sele tion algorithms;
sin e exponential distributions are faster to t than the other non-uniform distributions, further resear h along these lines would be useful.

4.8.7 Density trees vs. global mixture models
Throughout our experiments so far, all the probability models we have ompared have
been based on sparsely onne ted Bayesian networks in whi h no hidden variables are
employed. While density trees appear to be good andidates to use for the onditional distributions of su h networks, the question remains whether sparsely onne ted
Bayesian networks are apable of a urately modeling real-world data, parti ularly
when an appropriate network stru ture is not known beforehand. Is it possible to
perform the required ombinatorial sear h through network stru tures and learn all
the ne essary onditional distributions in less time than would be required to learn
the parameters of a single unfa tored joint model for the entire distribution, and have
the resulting Bayesian network still be a more a urate density estimator than the
unfa tored model? In this se tion we provide experimental results suggesting that
the answer is \yes", at least in some ases.
We ompare our density-tree-based Bayesian network learning algorithm with AutoClass [CS96℄, an unsupervised learning algorithm for mixture models that employs
an approximately Bayesian version of EM. In our experiments, AutoClass models ea h
mixture omponent with a full- ovarian e Gaussian over the ontinuous variables and
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an independent multinomial distribution for ea h dis rete variable. (Informal experiments with diagonal- ovarian e Gaussians rather than full- ovarian e ones resulted in
worse density estimation.) For speed, we use the publi ly available C implementation
rather than the LISP implementation.
AutoClass is started o with numbers of mixture omponents that were lose to
the best numbers found in informal preliminary testing; this is to ensure we do not
ripple the algorithm needlessly by having it waste too mu h time optimizing the
parameters of distributions with far too many or too few mixture omponents. While
AutoClass is an \anytime algorithm" in that it has no de nite termination riterion
and will supposedly nd better solutions the longer it is run, in our experiments the
amount of time we gave it was largely irrelevant to the a ura y of the resulting density
estimators as long as it tried a nonzero number of mixtures with approximately the
right number of omponents. In pra ti e we would not normally know the orre t
number of mixture omponents to use ahead of time, but a roughly orre t number
an be found in a reasonable amount of time by trying mixtures with 1 omponent, 2
omponents, 4 omponents, 8 omponents, and so forth, until the performan e starts
dropping, or AutoClass begins returning mixtures with signi antly fewer omponents
than the mixtures are initialized with. (AutoClass apparently has no me hanism
for adding omponents to a mixture \on the y" during a parameter optimization
run, but it does dete t and delete omponents that it deems unne essary.) When
AutoClass terminates, we extra t the mixture model it thinks is best, and we use its
maximum-likelihood parameters. (We also add the same uniform-ba kground \sla k
distribution" used in our density trees to handle outliers, as dis ussed in Se tion 4.4.4;
however, this appears to improve the a ura y of the mixture models only negligibly.)
We perform two di erent tests on AutoClass with ea h Bio dataset: one in whi h
AutoClass is given two hours (per ross-validation fold) to nd a good mixture, and
another in whi h it is given roughly the same amount of time taken by our densitytree-based Bayesian network learning algorithm. We attempted to give AutoClass
three hours on ea h Astro dataset; however, as urrently implemented, the algorithm
apparently pays no attention to the lo k ex ept when it reinitializes EM with a new
starting point, and on this dataset the algorithm an take hours for a single run of EM
if the number of enters is large. This resulted in the algorithm taking an average of
over ve hours per ross-validation fold rather than three. (Informal experiments in
whi h only a randomly sele ted subsample of 10,000 datapoints were used for training
were attempted, but this seemed to result in less a urate density estimators despite
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Figure 4.27: Automati ally learned Bayesian networks w/density trees vs. global
mixture models learned by AutoClass.
the greater number of EM trials that ould be performed within the time limit with
the smaller amount of data.)
We ompare AutoClass to the same Bayesian network learning algorithm that was
employed in Se tion 4.8.6: four iterations of our greedy-network algorithm are performed, with dis retized data (8 values per variable) used for S , onstant-density-leaf
trees used for S , and multilinear-interpolation density trees for the nal distribution.
The results we list here are identi al to those in Se tion 4.8.6, ex ept here the results
in lude the time required to learn the network stru ture.
The results are summarized in Figure 4.27.
AutoClass produ ed more a urate density estimators for the Bio dataset when
the noise added to the dataset was Gaussian | the same type of distribution AutoClass uses for its mixture omponents. On the other hand, our density-tree-based
Bayesian network algorithm produ ed more a urate density estimators on the Bio
dataset was uniform | a distribution type more easily modeled by the multilinear
f
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leaves of the density tree. Thus, the results on the Bio dataset are somewhat in onlusive. However, our Bayesian network algorithm produ ed more a urate density
estimation than Auto lass on the Astro dataset even when the noise added was Gaussian. Learning these Bayesian networks also took signi antly less time; furthermore,
evaluating the resulting networks was also faster than evaluating the mixture models
when the network's density trees had been approximately onditionalized.

4.9 Con lusions, Related Work, and Possible Extensions
Throughout this hapter we have developed and evaluated a family of algorithms apable of qui kly nding a urate fa tored probability density models over dozens of
ontinuous and dis rete variables from tens of thousands of datapoints. The potential
appli ations for these algorithms are similar to the potential appli ations of Mix-nets
des ribed in Se tion 3.5. As with Mix-nets (Se tion 3.5.1), the onditional density
tree-based algorithms an be applied to learning lassi ers similar in nature to TAN
lassi ers [FGG97℄. The results of some preliminary experiments along these lines
are provided in Appendix A.5; however, further exploration is ne essary to determine
whether the resulting lassi ers are useful and how they might be improved. The
density tree-based models an also be used straightforwardly for anomaly dete tion
(Se tion 3.5.2), although it is possible that the dis ontinuous nature of the probability
densities modeled by onditional density trees makes it less useful than Mix-nets for
that task. Inferen e may be also performed with density-tree-based Bayesian networks, either via sampling approa hes su h as likelihood weighting, or via messagepassing algorithms employing dynami dis retization [KK97℄. The density trees for
whi h we have provided learning algorithms are very similar in nature to the representations used for dis retization-based message-passing algorithms; thus, onditional
density tree learning algorithms may be a natural hoi e to use when we are fa ed with
a situation in whi h we wish to be able to perform message-passing-based inferen e
but we do not know the distributions' parameters a priori. In order to guarantee onvergen e to the orre t distribution, message-passing algorithms require the graphi al
models to be de omposable (i.e. hordal), and the network stru ture-sear h routine
used here does not take this into a ount. However, eÆ ient algorithms for performing
sear hes over de omposable models have re ently been developed [DGJ01℄; modify143

ing the network sear h algorithms used in this thesis to use these algorithms is one
potentially interesting line of further resear h.
Be ause the onditional density tree algorithms here were designed for speed as
well as a ura y, they present an appealing hoi e of representation to use for pra ti al
ompression tasks. Naturally, when ompressing ontinuous values, the ompression
must be lossy if it is to save a signi ant amount of spa e. Modifying our density
tree learning algorithms to take a desired level of a ura y into onsideration would
be fairly straightforward. Furthermore, be ause the distributions represented by the
trees de ompose analyti ally into nonoverlapping regions | as opposed to the overlapping Gaussian mixture models used in Chapter 3 | no bits-ba k oding would be
ne essary.
In re ent related resear h, a system alled SPARTAN [BGR01℄ has been developed for lossily ompressing datasets by using networks of CART-like de ision and
regression trees.5 SPARTAN uses automati ally learned Bayesian network stru tures
as guides with whi h to reate these networks. However, the network models learned
by SPARTAN are not a tually density estimators, and they have several important
limitations. Ea h leaf of the trees SPARTAN employs only provides a point estimate
of the variable being predi ted. If this predi ted value is insuÆ iently a urate for a
parti ular datapoint, the a tual value must be marked as an \outlier" and en oded
via other means. Be ause only this point estimate is provided rather than a density
over all possible values of the output variable, there is no me hanism with whi h to
eÆ iently en ode small orre tions between the maximum-likelihood predi ted values and the a tual values. This in turn for es SPARTAN to restri t its predi tion
networks so that any given variable in the domain that is used to predi t other variables annot itself be predi ted, and must therefore be en oded via other means |
otherwise, predi tion errors would a umulate. SPARTAN's CART-like trees ould
be modi ed so that the trees provide density estimates; however, as we have seen in
Se tion 4.8.2, CART-like tree-based density estimation algorithms that do not allow
splits on the variable being predi ted an perform mu h worse than those that do.
Having said that, SPARTAN's approa h may be appropriate when de ompression and
ompression speed is ru ial, or when it is desirable to de ompress ertain variable
values in a random a ess fashion without de ompressing all the other variables.
SPARTAN was developed after the material in Chapter 2 was published [DM99℄, although the
authors appear unaware of previously existing resear h on Bayesian network-based ompression. The
material in this hapter of the thesis was developed independently of SPARTAN.
5
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While allowing the density trees to split on the output variables would probably
help ompression performan e, it is un lear whether other di eren es between the density tree algorithms examined here would have mu h pra ti al impa t on ompression
rates. For example, even if ea h variable value is 15% more likely on average when
using density trees that use multilinear leaves rather than onstant-density ones, this
results in saving only a fra tion of a bit per en oded value. In most su h situations it
would probably be better to simply use strati ed onditional trees or onditionalized
joint density trees with uniform-density leaves for maximum speed.
Be ause the density tree learning algorithms we use throughout this thesis treat
the data in di erent subtrees independently, the resulting density estimates will generally have dis ontinuities at the tree's bran h thresholds. It may be possible to
improve the a ura y of the density estimators by attempting to enfor e ontinuity
whenever possible. For example, in the ase where there is only one ontinuous variable, if we are given a density tree stru ture then it is easy to learn a set of linear
interpolations in the leaves that provide a ontinuous density estimate. To do so,
we ould use the EM pro edure des ribed in Se tion 4.2.4 to t all of the leaves'
interpolations simultaneously; rather than having two independent hidden lasses for
every leaf, we would \tie together" the two lasses to either side of any bran h threshold. Unfortunately, there are problems with this type of approa h. First, the simple
divide-and- onquer nature of the tree stru ture-learning algorithm breaks down; the
e e t of performing a split in one part of the tree would now depend on the stru ture
of other parts of the tree. Furthermore, this method does not generally apply to two
or more dimensions unless the density tree has a gridlike stru ture. If the density tree
stru ture is gridlike, then the multilinear interpolations within the di erent leaves
an be onstrained in a manner similar to the one-dimensional ase dis ussed above
to ensure ontinuity. However, if the density tree stru ture is not gridlike, then ontinuity annot be enfor ed straightforwardly in this manner. For example, onsider
the simple two-dimensional density tree in Figure 4.28. Within leaf A, multilinear
interpolation would interpolate between the values at orners 1, 2, 8, and 9; within
leaf B, multilinear interpolation would use orners 2, 3, 4, and 5. As a result, a disontinuity will exist along the edge between orners 2 and 4 unless the value at orner
4 happens to be .75 times the value at orner 2 plus .25 times the value at orner 9;
similar dis ontinuities exist along the edge (4, 6) and (6, 9). Naturally, this situation
an be remedied by splitting leaf A into several new leaves, but these additional splits
ould reate the need for further splits in other leaves adja ent to A, essentially re145
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Figure 4.28: An illustration of a density tree stru ture for whi h ensuring ontinuity
is diÆ ult.
ating a gridlike stru ture. A omplex algorithm exists for ensuring ontinuity in the
two-dimensional ase without reating arbitrarily many new splits [Gro89℄, but this
does not s ale to three dimensions or higher.
With this in mind, it may be worth investigating how well the interpolating density
trees des ribed in this hapter ompare to grid-like density estimators. Su h grid-like
density estimators an be made ontinuous with little diÆ ulty; this may help o set
the negative e e ts of their xed resolution. It may also be possible to ombine
multiple grids with di erent resolutions over di erent variables in a manner similar
to CMACs [Alb81℄ or sparse grids [Zen91℄ to a hieve higher predi tive a ura y than
with a single grid or tree over all the variables. However, evaluating these multiple
grids would likely be signi antly more omputationally expensive than evaluating
the density trees used here. Multivariate adaptive regression splines [Fri88℄ are also
worth investigating.
The tree-based density estimators used in this hapter are more apable of handling high-arity dis rete variables than the mixture tables used in Chapter 3, sin e the
tree-learning algorithms will rarely reate bran hes testing them unless these bran hes
are justi ed by the data. Furthermore, high-arity dis rete variables an help predi t
other variables even in joint density trees that never bran h on them at all, sin e
the leaves of the trees ontain information about these variables' distributions. It
may be possible to further in rease the usefulness of su h high-arity variables by using bran hes in whi h multiple variable values are mapped to the same hild of the
bran h. Clustering te hniques have been used in the past to nd good hoi es for
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whi h values are mapped to whi h bran h hildren (e.g. [BFOS84℄, [Cho91℄) within
the ontext of lassi ation and regression trees; analogous te hniques ould be developed for interpolating density trees. However, employing su h lustering te hniques
would probably signi antly redu e the speed of our tree-learning algorithms.
While we have not yet arefully measured the memory onsumption of the density
trees employed throughout this thesis, informal examination of the amount used in
our implementation suggests that they typi ally take up roughly as mu h memory as
the data from whi h they are learned, to within an order of magnitude. For most
appli ations, the amount of pro essor time required to learn the models is probably
more restri tive than the amount of spa e taken up by the learned models, given the
CPU speeds and memory apa ities of urrent PCs. For ompression, note that the
number of bits required to represent the models ompa tly oine (e.g. on disk) is
mu h less than the number used here in memory (where the model is optimized for
eÆ ient memory a esses, et .). Furthermore, the tree-learning algorithms used in
this hapter urrently do not attempt to minimize spa e usage, but ould be modi ed
to do so; and even if the algorithms are not modi ed, they an be made to produ e
smaller trees simply by providing them with smaller training sets.
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Chapter 5
Con lusions

5.1 Thesis ontribution summary
In the rst part of this thesis, I have developed Bayesian network-based algorithms
that are apable of ompressing dis rete datasets with ompression ratios mu h higher
than a hieved by state-of-the-art bla k-box ompression programs, but that are still
apable of megabyte-per-se ond de oding speeds (Chapter 2). In parti ular:

 I have shown that ex ellent ompression an be a hieved on real-world datasets
by using arithmeti oding in onjun tion with automati ally learning Bayesian
networks that are sparsely onne ted and employ no hidden variables. This
allows de oding to be performed reasonably qui kly (Se tions 2.2.1 and 2.2.2).
 I have shown that even better ompression an be a hieved by automati ally
learning dynami Bayesian networks that model dependen ies between adja ent
dataset items, possibly after the dataset has been sorted (Se tion 2.3).
 I have developed a type of modi ed Bayesian network to employ in onjun tion
with Hu man oding in order to address Hu man oding's limitations, and
have developed algorithms for learning these networks (Se tion 2.3.1). This
allows for signi antly faster de oding than possible with arithmeti oding,
with relatively little redu tion in the ompression rate.
In the se ond and third parts of the thesis, I have developed Bayesian networkbased algorithms for learning joint distributions over dis rete and ontinuous vari149

ables. In the se ond part (Chapter 3), I have shown how re ently developed algorithms for qui kly learning Gaussian mixture models over small sets of ontinuous
variables [Moo99℄ an be pra ti ally used to model distributions over mu h larger
sets of ontinuous and dis rete variables via using automati ally learned Bayesian
networks. In the third part, whi h forms the bulk of the thesis, I have explored a
wide variety of novel tree-based models for onditional density estimation, and shown
how to use them in automati ally learned Bayesian networks to model omplex distributions over many ontinuous and dis rete variables. In parti ular:

 I have des ribed a wide variety of possible tree-based learning algorithms for representing joint distributions over small sets of variables (Se tions 4.2 through 4.4).
 I have shown several novel ways of generalizing these models to learn and represent onditional distributions:
{ Strati ed onditional density trees (Se tion 4.5.1), whi h are learned to
dire tly model the onditional distribution. These trees an bran h on
the variable to be predi ted on e all bran hing on the input variables is
nished, thus allowing the representation of omplex onditional distributions.
{ Joint density trees that are used onditionally \on the y" (Se tion 4.5.2).
These are faster to learn than strati ed onditional density trees, and are
(somewhat surprisingly) frequently more a urate as well. Unfortunately,
they are slow to evaluate.
{ Conditionalized joint density trees that are used either exa tly (Se tion 4.5.3)
or approximately (Se tion 4.5.4). These trees provide an appealing ombination of fast learning, fast evaluation, and a ura y.
 I have provided a exible lass of heuristi Bayesian network stru ture-learning
algorithms employing these onditional density trees (Se tion 4.6) to pra ti ally
learn a urate distributions over dozens of ontinuous and dis rete variables
from many thousands of datapoints.
 I have presented a marginal distribution attening method that an sometimes
improve the performan e of these tree-based onditional density estimators (Se tion 4.7).
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 I have performed extensive experimental evaluations of all the above models
(Se tion 4.8; Appendix A).

5.2 Possible avenues for further resear h
Possible extensions of the resear h performed in this thesis were already dis ussed at
the ends of the appropriate hapters. In losing, we brie y re apitulate a few of the
more important ones:

 Further omparisons of the ompression te hniques developed in Chapter 2 versus other te hniques. In parti ular, it would be interesting to ompare the
ompression rates a hievable with the sparse Bayesian networks used here with
that of the densely onne ted Bayesian networks used in Frey's work [Fre98℄,
although su h densely onne ted networks probably require signi antly more
omputational overhead.
 Extensions of the ompression te hniques in Chapter 2 to adaptive oding |
that is, allowing the parameters and stru ture of the networks to hange as the
data is pro essed in one pass.
 Appli ation of the density trees developed in Chapter 4 to the ompression
of datasets ontaining ontinuous variables. A omparison of the ompression
rates and speed a hievable with the density trees developed here versus that of
the simpler trees used in SPARTAN [BGR01℄ would be parti ularly interesting.
 Appli ation of the models developed in Chapter 3 and Chapter 4 to lassi ation
tasks. (Some preliminary results on applying density trees to lassi ation are
supplied in Appendix A.5, but further development and experimentation are
warranted.)
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Appendix A
Supplemental experimental results

A.1 Pruning, bran h variable sele tion, and bran h
threshold sele tion
Throughout all other experiments in this thesis, we have used the greedy algorithm
des ribed in Se tion 4.4.1 for sele ting bran h variables, and the post-pruning method
des ribed in Se tion 4.4.3 for determining when to use leaves rather than bran hes.
Furthermore, ea h bran h on a ontinuous variable always used the midpoint of the
bran h variable's urrently valid range as its split threshold. In this se tion we perform
a series of experiments in whi h these aspe ts of the algorithms are varied:

 The \Joint Uniform" and \Joint MLI" (\MLI" for \multilinear interpolation")
algorithms use the same pruning, bran h variable sele tion, and bran h threshold sele tion strategies as before.
 The \Joint Uniform w/Grid Sele t" and \Joint MLI w/Grid Sele t" algorithms
are identi al to \Joint Uniform" and \Joint MLI," respe tively, ex ept the variable on whi h to bran h is determined by the \taking turns" strategy des ribed
in Se tion 4.4.1.
 The \w/Stopping" algorithms are identi al to the orreponding default algorithms ex ept the pruning strategy has been hanged from post-pruning to
stopping (Se tion 4.4.3).
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 The \w/Greedy Threshold" algorithms are identi al to the orresponding default algorithms ex ept the threshold sele tion algorithm has been hanged from
the midpoint method to the more expensive method des ribed in Se tion 4.4.2.
The results are shown in Figures A.1 and A.2.
When uniform-density leaves are employed, the greedy variable sele tion algorithm
a tually performs worse than the simpler \taking turns" method on all the syntheti
datasets and on the Bio dataset with high-magnitude noise. When multilinearly
interpolated leaves are employed instead, however, greedy variable sele tion never
performs worse than the \taking turns" method, and performs signi antly better on
the Bio and Astro datasets. This may be due to the fa t that the greedy algorithm
is able to essentially \look further ahead" due to the added representational power
a orded by the nonuniform leaves it uses in the one-level density stumps it uses for
testing. The fa t that greedy variable sele tion does not generally help more may also
be partially due to the relatively small number of variables modelled per tree in these
experiments, and partially due the fa t that the two variables in ea h of the syntheti
datasets are essentially identi al to ea h other on a global s ale.
Comparing the results of the stopping and post-pruning algorithms reveals that
when uniform-density leaves are used, the stopping algorithm generally results in
worse a ura y than the post-pruning algorithm; however, the stopping algorithm
often results in better a ura y than post-pruning when multilinearly interpolated
leaves are employed. See Se tion 4.4.3 for a dis ussion of this phenomenon.
Comparing the \w/Greedy Threshold" algorithms with the algorithms employing
the default midpoint split threshold reveals that the more ompli ated threshold algorithm does in fa t signi antly improve the a ura y of trees with uniform-density
leaves in most ases. However, the a ura y of these trees is always still signi antly worse than that of trees using multilinear leaves and the midpoint threshold
method. Futhermore, employing the more ompli ated threshold- hoosing algorithm
signi antly in reases the omputational ost of learning | so mu h so that some
of the alternative learning algorithms using multilinear leaves are usually both faster
and more a urate. The more ompli ated threshold- hoosing algorithm usually dereased the a ura y of the trees using multilinear leaves. An analogous version of
the more ompli ated threshold- hoosing algorithm tuned for multilinear-leaf trees
rather than uniform-leaf trees might in fa t improve the a ura y of multilinear-leaf
trees; however, su h an algorithm would be even more prohibitively time- onsuming.
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Figure A.1: Experiments on alternative pruning, bran h variable sele tion, and bran h
threshold sele tion methods (syntheti datasets)
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Figure A.2: Experiments on alternative pruning, bran h variable sele tion, and bran h
threshold sele tion methods (s ienti datasets)
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A.2 \Swit heroo" experiments
In this se tion we perform a series of experiments in whi h one learning algorithm
learns a density tree, and then another learning algorithm is onstrained to use the
previously learned tree's bran hing stru ture. These experiments serve as a sanity
he k ensuring that the di eren es in various algorithms' a ura ies are not entirely
due to subtle e e ts they have on the greedy density tree stru ture-learning algorithm.
(For example, it might be on eivable that the main reason interpolated leaves perform better than uniform ones is that one-level de ision stumps with interpolated
leaves give more a urate \hints" to the greedy variable sele tion algorithm, not that
they ne essarily make better leaves to a tually use in the nal tree.)
Sin e the stru ture of the tree is xed, we no longer have to hold out part of the
training data for pruning or evaluating di erent bran h variables, so we allow it to
train the leaf distributions using all of the training data. Naturally, this by itself may
ause the relearned tree to be more a urate, so we in lude experiments in whi h the
se ond learning algorithm is identi al to the rst to ontrol for this added a ura y.
This type of leaf-relearning pro edure was not used in any experiments outside this
se tion, but it ould have been used to slightly in rease the a ura y of the resulting
trees.

Joint vs. Strati ed trees
In this series of experiments we verify the \soft bran hing" hypothesis by omparing
the a ura y of identi ally stru tured strati ed onditional density trees and joint
density trees. While we're at it, we also examine the utility of re tting density trees'
distributions with all the training data on e their stru tures have been determined.
We ompare ve di erent density tree learning algorithms:

 \Strati ed Cond MLI (Relearn)": strati ed onditional density trees with leaves
employing multilinear interpolation. After the tree's stru ture has been determined, all the leaves are re tted using all the training data.
 \Strati ed Joint MLI (Relearn)": Joint density trees with leaves employing
multilinear interpolation. Their stru ture is restri ted so that all bran hing on
the parent variables o urs before any bran hing on the hild variable. The
leaves are re tted after the tree stru ture is determined.
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 \Strati ed Cond MLI to Joint": strati ed onditional density trees with leaves
employing multilinear interpolation are learned; then the trees are transformed
into joint density trees that are then used onditionally as des ribed in Se tion 4.5.2. In the pro ess, all leaves are re t with all the training data.
 \Joint MLI (Relearn)": joint density trees with multilinearly interpolated leaves
are learned, their leaves are re tted, and then they are used onditionally.
 \Joint MLI (No Relearn)": joint density trees with multilinearly interpolated
leaves are learned and used onditionally, but their leaves are not relearned on e
the tree's stru ture is xed. (These results appear elsewhere in the thesis and
are in luded here again for onvenien e.)
The network stru ture used for the Bio dataset experiments was identi al to the
stru ture used in Se tion 4.8.2. The results are shown in Figures A.3 and A.4.
On the datasets with the sharpest distributions (Squiggles, Bio .001 Unif, and Bio
.001 Gaussian), \Two-level Cond MLI to Joint" signi antly outperformed \Two-level
Cond MLI (Relearn)", despite the fa t that the tree stru tures and leaf distributions
used were identi al. This learly illustrates that \soft bran hing" | that is, learning
distributions over the parent variables in the tree's leaves, and then employing these to
determine the likelihood with whi h ea h leaf generated the datapoint by using Bayes's
rule | an by itself somtimes lead to more a urate density estimates than those
obtained more straightforwardly from the orresponding two-level onditional trees.
It leads to slightly worse performan e than that of the identi ally stru tured two-level
onditional trees on the other problems. However, if the tree-learning algorithm is
allowed to optimize the joint distribution rather than the onditional distribution |
as the \Two-level Joint MLI (Relearn)" algorithm does | then the \soft bran hing"
helps even more, and joint density trees perform better than two-level onditional
density trees a ross the board. If the \Two-level" restri tion on the joint density
tree stru ture is removed (\Joint MLI (Relearn)"), the improvement be omes even
greater.
Comparing \Joint MLI (Relearn)" with \Joint MLI (No Relearn)" reveals that
re tting the tree leaves with the entire training dataset after the tree stru ture is xed
does result in better density estimation, but the improvement is usually relatively
small ompared to the other di eren es between learning algorithms.
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Figure A.3: Supplemental experiments on joint vs. stratifed trees (syntheti datasets)
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Figure A.4: Supplemental experiments on joint vs. stratifed trees (s ienti datasets)
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Constant vs. non- onstant leaves
In this se tion we perform experiments in whi h density trees are learned with uniform
leaves, but after the trees' stru tures are xed, these leaves are repla ed with multilinearly interpolated leaves (\Joint Unif to MLI") tted with the entire training set.
We ompare these with re tted uniform-leaf density trees (\Joint Unif (Relearn)")
and re tted multilinear-leaf density trees (\Joint MLI (Relearn)"). The results are
shown in Figure A.5.
Repla ing uniform-density leaves with multilinearly interpolated ones while holding the tree stru ture xed signi antly improved a ura y on many datasets (and
never de reased a ura y). Therefore, the improvement in a ura y a quired by using multilinearly interpolated leaves annot be due entirely to the di eren es in tree
stru ture. It is also worth noting that using onstant-density leaves during the tree
stru ture-learning pro ess and then repla ing them with multilinear ones is mu h less
omputationally expensive than using multilinear leaves throughout the entire tree
stru ture-learning pro ess.

A.3 E e t of the greedy network-learning algorithm's MAXCHANGES parameter
In this se tion we illustrate the usefulness of setting the MAXCHANGES parameter higher than 1, thus allowing the algorithm to employ \out-of-date" estimates for
whi h possible ar additions and deletions are the most promising. We ompare the
performan e of the \Const!ML" algorithm used in Se tion 4.8.5, whi h has MAXCHANGES set to 10, with a version that has MAXCHANGES set to 1. The results
are shown in Figure A.6.
While ea h iteration of the greedy algorithm took slightly less time with MAXCHANGES set to 1, it learly improved the network stru ture signi antly less per
iteration. In fa t, it's not lear from the learning urves whether the learner with
MAXCHANGES set to 1 will ever onverge to networks as a urate as those found
by the learner with MAXCHANGES set to 10 | somewhat surprising, sin e one
might expe t the algorithm employing \out-of-date" estimates for the utility of various ar hanges to get aught in worse lo al optima as a result. While this single
experiment does not prove that using high values for MAXCHANGES will always
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Figure A.5: Supplemental experiments on onstant vs. multilinearly interpolated
leaves
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Figure A.6: Performan e of the greedy stru ture-learning algorithm with MAXCHANGES set to 10 vs. with MAXCHANGES set to 1.

173

help, it does suggest that it is not generally a bad idea to try.

A.4 Diagnosti experiments on exponentialdistribution density trees
In this se tion we perform experiments that support our hypothesis for why density trees with exponential-distribution leaves performed poorly on the Astro dataset
(as shown in Se tion 4.8.6): namely, that the trun ated exponential distribution has
properties that ause it to intera t poorly with the density tree learner's greedy variable sele tion algorithm when the data is strongly on entrated near the side of the
urrent region's bounding box. We ompare four density tree learning algorithms:
 \Joint Exp Greedy (Relearn)": Exponential-leaf density trees learned with the
greedy variable sele tion algorithm des ribed in Se tion 4.4.1; after the stru ture
has been xed, the leaf distributions are re tted with the entire training set.
 \Joint Exp Grid (Relearn)": the same as \Joint Exp Greedy (Relearn)" exept the tree's bran h variables are sele ted using the \taking turns" approa h
des ribed in Se tion 4.4.1.
 \Joint Unif Grid (Relearn)": the same as \Joint Exp Greedy (Relearn)" ex ept
the tree uses onstant-density leaves rather than exponential ones.
 \Joint Unif to Exp": the same as \Joint Unif Grid (Relearn)", ex ept the
onstant-density leaves are repla ed with exponential-density leaves after the
tree's stru ture has been learned using the greedy variable sele tion me hanism
in onjun tion with onstant-density leaves.
Results of these four algorithms on two di erent versions of the Astro dataset
(namely, with uniform noise of magnitude .001 added, and with Gaussian noise with
a standard deviation of .001 added) are shown in Figure A.7.
The results show that when exponential leaves are used in onjun tion with the
greedy stru ture-learning algorithm, performan e is poor | signi antly worse than
using onstant-density leaves rather than exponential ones. However, if the \grid"
bran h variable method is employed, or if a onstant-leaf density tree's leaves are
repla ed with exponential leaves after the tree's stru ture has been determined, then
performan e improves. The results in Se tion A.1 indi ate that greedy variable sele tion is signi antly better than the \grid" bran h variable sele tion me hanism when
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Figure A.7: Supplemental experiments on exponential-distribution density trees
the leaves are onstant-density or multilinearly interpolated, so the problem is not
generally attributable to the greedy variable sele tion method itself.

A.5 Preliminary experiments on using interpolating density trees for lassi ation
The work in this thesis on density trees has fo used primarily on estimating onditional distributions of ontinuous variables. In this se tion, we present the results of
some preliminary experiments on using density tree-based algorithms for lassi ation
{ that is, for predi ting the value of a dis rete variable.
The most dire t approa h to using density trees for lassi ation is to simply learn
a single density tree over the dis rete output variable and some set of input variables.
As dis ussed in Se tion 4.5.1, when the output variable is dis rete and the type of
tree used is a strati ed onditional density tree, then the lassi er is identi al in form
to the de ision trees that have frequently been used in the past. However, none of the
tree-learning algorithms des ribed in this thesis have used any spe ial-purpose methods to improve the performan e of the trees on lassi ation tasks, whereas lassi al
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de ision-tree learning algorithms (e.g. ID3 [Qui86℄ and CART [BFOS84℄) have bran h
threshold sele tion methods and pruning methods spe i ally designed for lassi ation. Thus, one might expe t these spe ial-purpose de ision-tree learning algorithms
to generally perform better at lassi ation than the density trees developed in this
thesis.
First, we ompare the lassi ation performan e of joint density trees using multilinear interpolation within the leaves versus the performan e of J48, an implementation of the C4.5 [Qui93℄ de ision-tree learning algorithm publi ally available in the
Weka ma hine learning library [FHT+02℄. Sin e joint density trees an only be effe tively learned when the number of input variables is relatively small, we use a
version of the greedy Bayesian network-learning algorithm des ribed in Figure 4.12
to perform feature sele tion. Namely, the MAXCHANGES parameter is set to 1; only
ar s dire tly from the input variables to the output variable are onsidered; and the
greedy algorithm is applied iteratively for ve iterations, with the starting network
for ea h iteration being the nal network of the last. This e e tively implements a
best- rst forward feature sele tion algorithm.
Figure A.8 shows the lassi ation a ura y of the resulting trees on one of the
dis rete variables (\TNF") in the Bio dataset, with various forms and magnitudes of
noise added to the ontinuous input variables. We show the mean lassi ation a ura y in a ten-fold ross-validation, as well as its empiri ally estimated 95% on den e
interval. The orresponding results are also shown for J48, both with and without a
similar best- rst forward feature sele tion algorithm employed. (Note, however, that
be ause feature sele tion with J48 was rather slow, we let J48 \ heat" by using the
entire dataset for feature sele tion, rather than have it perform feature sele tion on e
for ea h of the ten ross-validation splits.)
All the learners a hieved very high a ura y on this problem when little or no noise
was present; the variable appears to be a determininsti fun tion (or nearly so) of one
or two other variables in the domain. The joint density trees performed signi antly
better at predi ting the target variable than J48 did in the two ases where noise was
present in small amounts. However, they performed signi antly worse in the ases
where no noise was present or when high amounts of noise were present. Examination
of the \Bio + .02 Gaussian noise" ase revealed that performan e of joint density trees
was poor primarily be ause the feature sele tion algorithm hose poor feature sets in
a few of the ross-validation splits; manually xing the input features to a set of four
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Figure A.8: Classi ation a ura y omparisons of J48 vs. joint multilinear density
trees for the \TNF" variable in the Bio dataset, given di erent amounts and types of
noise on the input variables.
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\good" inputs allowed the joint density trees to perform better than J48 without
feature sele tion, although still not as good as J48 with feature sele tion.
Figure A.9 shows the lassi ation a ura y of joint multilinear density trees versus J48 on one of the dis rete variables (\Type") in the Astro dataset. Feature
sele tion with J48 was extremely slow | we aborted it after over 10 hours of CPU
time | so we xed the inputs to three features that had been sele ted by the Bayesian
network-stru ture learning algorithm using joint multilinear density trees. Thus, the
results for \J48, 3 input vars" in Figure A.9 should be onsidered only a lower bound
on how well J48 would have performed with proper feature sele tion. (We also show
the results for J48 with no feature sele tion; these results are signi antly worse than
with the manually sele ted features.) For onsisten y, we also x the input feature
set of the joint multilinear density trees to these three features.
Joint multilinear density trees had roughly the same a ura y as J48 in the \Astro
+ .001 Gaussian noise" ase, but were signi antly worse in the other two ases.
Notably, the lassi ation a ura y of joint multilinear density trees in the ase where
no noise had been added to the dataset was a tually worse than the ases where small
amounts of noise had been added. This suggests that the joint density trees may have
been spending too mu h of their representational power modeling sharp peaks in the
distributions of the input variables.
A se ond possible approa h to using density trees for lassi ation is to use them
in Bayesian networks in whi h ar s go from the target variable to the input variables,
rather than the other way around as in the previously dis ussed approa h. When no
other ar s are present, the Bayesian network e e tively implements a Naive Bayes
lassi er. Further ar s between the input variables an be added to model important
dependen ies between them, as in TAN lassi ers [FGG97℄. We might expe t this
se ond approa h to be more a urate than the rst in ases where the target variable
is better modelled as a noisy fun tion of many input variables, rather than a neardeterministi fun tion of a few inputs.
Figure A.10 shows the results of some preliminary experiments on using TAN-like
networks with joint density trees for lassi ation. The Bayesian network-learning
algorithm employed is a modi ation of the greedy network-learning algorithm des ribed in Figure 4.12 that evaluates andidate ar removals and additions based on
their in uen e on the total onditional log-likelihood of the output variables given
the input variables, as evaluated over a holdout set. A forward feature sele tion algo178
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Figure A.9: Classi ation a ura y omparisons of J48 vs. joint multilinear density
trees for the \Type" variable in the Astro dataset, given di erent amounts and types
of noise on the input variables.
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Figure A.10: Classi ation a ura y of TAN-like networks with joint multilinear density trees versus other lassi ers.
rithm is used to initialize the network with a set of ar s from the target variable to a
limited number of input variables; then, the modi ed greedy stru ture-learning algorithm is run for three iterations, with MAXPARENTS set to 3 and MAXCHANGES
set to 1. In the ase of the \Astro + .001 Gaussian Noise" dataset, the data was
dis retized during the network stru ture sear h; on e the stru ture was learned, the
network was reparameterized with joint density trees employing multilinear interpolation in the leaves. (Using su h trees during the a tual sear h would have been too
omputationally expensive on this dataset.)
In addition to the results for the TAN-like networks and the previous results for
single density trees and de ision trees, we provide results from Weka's implementation of a Naive Bayes lassi er using best- rst forward feature sele tion. This Naive
Bayes implementation dis retizes the ontinuous input variables a ording to a Minimum Des ription Length prin iple that takes the parti ular lassi ation task into
a ount [FI93℄, unlike the approa hes explored in this thesis.
On the \Bio + .02 Gaussian Noise" task, the TAN-like network performed signi antly better than the other lassi ers; however, on the \Astro + .001 Gaussian
Noise" task, it performed signi antly worse than J48 and the single joint mulitlinear
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density tree. It is worth noting, however, that it performed signi antly better than
Naive Bayes in both ases. Naive Bayes performs better than de ision trees do on
many kinds of lassi ation tasks (although learly not on the tasks examined so far
in this appendix); the TAN-like networks brie y explored here may be more useful
on su h problems. Further experimentation along su h lines might be useful.
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